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Abstract: In this study, the mixed finite element method in the Laplace-Carson space is developed for
viscoelastic plates under point load using Zener material model, utilizing the functional through a
systematic procedure based on the Gâteaux Differential. The functional has four independent variables;
deflection, two bending moments and one twisting moment in addition to the geometric and dynamic
boundary conditions in Laplace-Carson space. The results obtained in the Laplace-Carson domain are
converted to real time domain by inverse Laplace transform via Dubner & Abate’s and Durbin's algorithms.
The performance of the developed solution technique is tested through various quasi-static problems.
Key words: Classical plate theory, Gâteaux differential, viscoelasticity, Zener material model.

1. Introduction
As a structural member, plates are extensively used in all fields of engineering. Therefore, many
researchers have carried out extensive studies in the area of plate problem analysis. Based on the changes
in structural materials, different plate theories are developed. While the theory of classical or Kirchhoff’s
plate theory omits the effect of the transverse shear deformation on the deflection of plate,
Reissner-Mindlin plate theory considers the influence of it.
Hence there are many investigations about the behavior of the plate elements in the literature, they are
restricted to the simple elastic constitutive relations. Due to the fact that real structural materials show
time-dependent behavior and their response depends on the excitation history, viscoelastic constitutive
relations should be considered in order to analyze the behavior of plate elements in correctly.
Philosophy and basic concepts of mechanical behavior of viscoelastic materials are explained in the
literature [1], [2]. In structural analysis of time-dependent materials, linear viscoelasticity has been used for
a long time. There are basically three approaches that can be used in linear viscoelastic analysis: Laplace
transformation, Fourier transformation and Direct Time Integration method. [1] applied Laplace transform
to viscoelastic beams. [2] presented the application of the Fourier transform to viscoelastic beams. [3]
analyzed and compared the Time Integration methods in linear viscoelasticity.
For the problems that have complex geometry, loading conditions and material properties, closed-form
solutions are often not possible. Therefore, numerical solution techniques should be employed. The
application of the finite element method to the solution of viscoelastic problems has been presented by a
number of authors [4]-[10].
When compared to conventional finite element methods, mixed finite element methods are more
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powerful and they provide solutions that are free from shear locking that is encountered as thickness of the
plate element decreases. In the mixed finite element formation, Hellinger-Reissner and Hu-Washizu
principles in addition to Gâteaux differential approach are widely used ones. The Gâteaux differential
method has important advantages over the Hellinger-Reissner and Hu-Washizu principles. Comparison of
these principles is widely discussed by [11], [12].
In this study, an analysis of viscoelastic plates by employing the Gâteaux differential approach is given.
This approach has already been applied by the Aköz and his co-workers for the analysis of viscoelastic
Timoshenko beams [13], viscoelastic parabolic beams [14], viscoelastic circular beams [15], [16] and
viscoelastic Kirchhoff plates [17].
In this study, classical thin plates subjected to point load, made of the Zener viscoelastic material model
are analyzed. The Maxwell and Kelvin models are the simplest viscoelastic models. More realistic material
responses can be modelled using more elements. In contrast to the other well-known simpler Maxwell and
Kelvin–Voigt models, Zener solid model is slightly more complex, involving elements (springs and damper)
both in series and in parallel. In order to remove time derivatives, the method of Laplace-Carson transform
is utilized. For numerical transformation of the solutions obtained in the Laplace-Carson domain to the real
time domain, Dubner & Abate’s [18] and Durbin’s [19] inverse Laplace transform methods are used.
Numerical results for quasi-static response of viscoelastic thin plates are presented in representative
problems.

2. Method
In the isotropic plate problems, the constitutive equation of viscoelastic materials has two different
operators for dilatation and distortion. The use of two operators causes difficulties in solving problems. To
overcome these difficulties, two simplifying assumptions are accepted in the literature. According to the
first assumption, the dilatation is elastic and the distortion is viscoelastic. According to the second one, the
distortion and dilatation parameters are proportional. Second assumption is equivalent to assuming that
the Poisson ratio is constant.
Consider a plate as shown in Fig. 1, having a rectangular cross-section of thickness h. A Cartesian
coordinate system (x, y, and z) is defined at the central axis of the plate. Positive directions of the stress
resultants are shown in Fig. 1.

Fig. 1. Positive directions of stress resultants.
In this study, assuming second assumption; the governing equations of viscoelastic Kirchhoff plates were
derived in the Laplace-Carson domain by [17] as follows:
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The terms defined by the over bar notation are the transformed terms in the Laplace-Carson domain. The
Laplace-Carson transform of a real function is defined as s-multiplied Laplace transform. Here, Mx, My, Mxy
are internal moments, w is the vertical displacement function of the plate’ middle surface. To relate the
stress-strain (σ-ε) relations of viscoelastic plates’ material, two operators E1* and E *2 are defined. These
operators are in the hereditary integral form. Explicit forms of these operators can be obtained from [17].
Field equations given in (1) can be written in the operator form as:
(2)

QL y-f .

where Q is the potential operator in the Laplace-Carson domain if the equality:
 dQy

(3)

, y ' , y *    d Q  y , y * , y '  .

is satisfied [20]. Gâteaux derivative of an operator is defined as:
d Q  y , y ' 
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where τ is a scalar. If the operator is potential then the functional corresponding to the field equations is
obtained as:
I y 

(5)
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where s is a scalar quantity. Using (5), the functional corresponding to the operator in the Laplace-Carson
domain becomes:
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Here, the square brackets represent the inner product and the parentheses with the subscripts σ and ε
represents the dynamic and geometric boundary conditions of the plates, respectively. The quantities with
hat are known values on the boundaries.
If a four-node rectangular master element as shown in Fig. 2 with interpolation functions given as below:
N1  1-  1-  
N 2  1-  

(7)

N 3  1-  
N4    .

is used and all unknown quantities are expressed in terms of interpolation functions and then inserted into
constructed functional in (6), the element matrix is obtained in the Laplace-Carson domain after
extremization of the functional with respect to sixteen nodal variables. Here, the (ξ, η) coordinates are mere
translation of (x, y).
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Fig. 2. Rectangular master element.

3. Numerical Examples and Discussion
Computations have been made for calculating the time-dependent displacement results of a viscoelastic
rectangular plate. In the solution of viscoelastic thin plates, the Zener model is considered. The Zener model
is represented by a spring-dashpot elements as illustrated in Fig. 3.

Fig. 3. Mechanical analog for the Zener model.
In this three-parameter model, a spring element is added in parallel to the Maxwell element. In
calculations, the following material properties are used.


E = E1 = 3x107 kPa, η = 3x107 kPa s, Poisson’s ratio ν = 0.3

For each problem, point load (P0) is applied at the central point of the plate and a quarter of a simply
supported plate where the length and width values are assumed to be 4 m is analyzed due to the symmetry.
In all cases, the quarter domain has been divided into 16 (44) elements with equal sizes.

3.1. Example 1
In this example, the performance of the developed solution technique is tested. The present results are
compared with those of [17]. This example has been treated by [17] for Kelvin-Voight model. The
time-dependent displacement values at the plate center for a point load P0=100 kN are illustrated in Fig. 4
by employing Dubner & Abate’s inverse Laplace transform technique for aT=5, N=100 and T=20 s.
One can see that, the calculated results of the viscoelastic plate modeled with the Zener model are
coincide with those given in [17]. In order to make comparison between the results of Kelvin-Voight model
and Zener model, the modulus of elasticity of the spring which is in series arrangement to dashpot in the
Zener model is changed.
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Fig. 4. Displacement results of viscoelastic plates under point load.
The Zener model is referred to as solid since it reacts instantaneously as elastic materials and recovers
completely upon unloading. The displacement of Zener model approaches a finite value as t
∞.
Kelvin-Voight model is also characterizes a viscoelastic solid. The displacement of the Kelvin-Voight model
approaches a finite value as t
∞ whereas it does not have an elastic response to the suddenly applied
load. The difference between these two viscoelastic solid models are illustrated in Fig. 5.
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Fig. 5. Comparison of displacement results of Kelvin-Voight model and Zener model.

3.2. Example 2
A viscoelastic plate subjected to the point load is considered for different thickness values. The point load
of interest has a form of a rectangular pulse; a constant magnitude P0=100 kN with a duration of 10 s. This
example shows the effect of the thickness variation on the behavior of the viscoelastic plates. For the
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thickness of the plate h, three different values: h=0.05 m, h=0.075 m and h=0.1 m are assumed. In Fig. 6 time
variation of displacement values at the center of the plate are shown for three values of h. The results are
computed by employing Durbin’s inverse Laplace transform technique for aT=5, N=200 and T=40 s.
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Fig. 6. Effect of different values of plate thickness under point load which has a form of a rectangular pulse.
As expected, decreasing the thickness of the plate causes increase in the time-dependent displacement
values. Moreover, decreasing the thickness of the plate element does not cause shear locking.

3.3. Example 3
In this example, a viscoelastic plate loaded by a point load P0=100 kN is considered. The effect of
increasing the viscosity coefficient on the response is shown in Fig. 7. The results are computed by
employing Dubner & Abate’s inverse Laplace transform technique for aT=5, N=200 and T=40 s. When the
viscosity coefficient decreases, the time-dependent displacement behavior of the plate approaches the
elastic behavior as expected.
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Fig. 7. Effect of the different η/E ratios under point load.
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4. Conclusion
In this paper, a functional with the necessary boundary condition terms for the analysis of viscoelastic
classical thin plates subjected to point loads is constructed using a systematic procedure based on the
Gâteaux differential approach. Mixed-type finite element composed of four nodes, each with four degrees of
freedom, is formulated for this analysis. By the quasi static analysis of square plates loaded by a point load
(Example 1), the performance of the proposed solution technique is tested by comparing the results
available in literature and the calculated results and a very good accuracy is obtained. In addition by
Example 1, time-dependent displacement results of two different mechanical viscoelastic models are
presented. Using plate elements with different thickness values, it is showed that the presented mixed finite
element formulation avoids shear locking (Example 2). Also by Example 3, the influence of the damping
ratio (η / E ratio) on the quasi static response is investigated, since this ratio is one of the most important
factors affecting the viscoelastic behaviors. It is thought that the results of this paper may serve as a
benchmark and may be useful for scientists and researchers in assisting them to evaluate the accuracy of
their further investigation results for comparison purposes. The same approach can be applied for higher
order plate theories as well as shell theories loaded by a point load. Following the described methodology,
some of these problems are under study.
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