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Abstract: This paper considers special functioning modes of a buck converter under closed loop feedback,
which, depending on the type of a regulator, are characterized by the appearance of bifurcations which are
transformed into the chaotic mode, or by undamped oscillations. The paper presents a simple and compact
mathematical model. The model is implemented in the Matlab program, which makes it possible to carry
out various calculations, including the cyclic ones, followed by graphic and numerical data processing. For
normalizing the performance of buck converters, a new method of synchronizing the occurring modes
proposed, and its efficiency is tested for various regulators in a feedback system. The accuracy of the
proposed mathematical model, and of the adequacy of the obtained results, are tested by the
Matlab-Simulink program.
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1. Introduction

Physical models based on electric circuits are convenient for studying chaotic modes of varius origins,
which are studied by new scientific disciplines such as nonlinear dynamics, synergetics, and generalized
information theory [1]-[6].

An example of such a simple model is the a boost converter, which transforms a direct voltage to a higher
voltage value, and which is operating in a Current Mode Control (CMC) mode. There are various works
which are devoted to the investigation of chaotic modes in boost converters, [7]-[9], as well as the works of
C. K. Tse [10]-[12].

Besides a boost converter that operates in CMC mode, a convenient and a very simple model is the
common step-down buck converter with a closed loop system of automatic control and a proportional
regulator. The work in [13] considers this model very meticulously and gives detailed analytical and
numerical calculations of processes in a buck converter in a closed loop feedback under some changes in
the input voltage. The work describes various versions of the sawtooth supporting voltage, as well as some
methods of synchronization of chaotic modes. One of them is based on [14], where it is proposed to
introduce small increments to some values of the system, another method shown in [15], noted as
Time-Delayed auto synchronization (TDAS), introduces a control signal formed with a difference between
the current state of the system and the state of the system delayed by one period of the unstable periodic
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orbit (UPO). Two methods of chaos control are based on feedback combined with an external oscillator or
time-shifted feedback suggested in [16].

In [17] the investigation of chaotic regimes in a buck converter was carried out in three different ways
and the results are compared. There, three independent cases are compared: the mathematical model
simulated in Matlab, the circuit built from components that exist in reality and simulation in PSpice as well
as a laboratory experiment. In [18] bifurcation and chaos in high-frequency peak current mode buck
converter working in continuous conduction mode (CCM) are studied : a two-dimensional discrete mapping
model is established, reference current at the period-doubling point and the border of inductor current are
derived and the bifurcation diagrams are drawn with the aid of MATLAB. Furthermore, circuit simulations
are executed with PSIM. A new computationally-based methodology to obtain chaos regulators for PWM
buck power converters is proposed in [19]. The technique there is based on a feed-forward control, where
the offset of the T-periodic sawtooth signal is modified continuously, and the sawtooth is redefined as a
function of the output and reference voltages.

It should be noted that while many papers provide a very detailed descriptions of the electric modes,
there is much less attention to paid to the models themselves and to the means of calculations based on
these models. Thus, these models should be considered and further investigated including new algorithms
for data processing. The methods for removing chaotic modes are based on creating special regulators that
perform various calculation procedures based on mathematical interpretations of these processes without
touching the physical essence of their course.

This paper presents a simple mathematical model, which makes it possible to generate and investigate
general laws of the development of chaotic processes. The model provides both means for obtaining the
needed modes, as well as their mathematical processing.

The paper is organized as follows: Section 2 describes the model for the case of a proportional regulator
in the feedback circuit, and in Section 4, for an integral, or a proportional-integral regulators. Sections 3, 5
and 6 propose new simple methods of synchronizing (preventing) chaotic modes, which are based on the
action on the power scheme of the converter, whose efficiency has been proved.

2. The Mathematical Model of a Buck Converter with a Closed Feedback and a
Proportional Regulator (P-Regulator)

In Fig. 1 a diagram of a buck converter with a closed loop control system is shown. Its operation is
well-known and demands no additional explanations. The dynamic behavior of the buck converter is given

by a system of differential equations with respect to the inductor's current io and the output voltage, V, as
follows:
Ldi, /dt+v, =d -V,

i (1)
Cdv, /dt+v, /R, =i,

where d is a binary switching function, which equals “1”, when the transistor S is conducting, and “0”,

Fig. 1. A buck converter with a closed loop control.
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when it is disconnected. When d="0" the diode D is conducting, and the voltage at the input of the circuit
Lo-Ro-C, equals zero.

Let us replace the differentials of the current and the voltage with their finite increments
Ai, =i (At(k +1)) -1 (At-k) and Av, =v_ (At(k +1)) -V, (At-K) for sufficiently short time intervals At on

each kth segment of the calculation and modify the form of writing of the system of equations (1) such that,

i, (At(k+1) =(d -V, / L, =V, (At-k) / L, )- At +i, (At -K)

(2)
v, (At(k +1)) = (i, (At-k) / C, =V, (At-K) / R,C, ) - At +v, (At -k)
Now , the equation for the switching function d, is first based on an equation for the sawtooth voltage
Viamp () =Viampm - (t/ T, — floor (t/T,)) (3)

And comparing this sawtooth voltage with the constant voltage V , we obtain a sequence of rectangular

control pulses with switching period Ts, which reflect the functioning of the PWM system. Namely, when

V-V ramp (At-k)) >0, the function d="1", in the opposite case, d="0", that is, it would be written in the Matlab

as:

d(At-K) =((V -V . (At-K)) > 0) (4)

ramp

It is obvious, that by changing the value of V , the magnitude of the duty cycle D (d="1") of the control
system can be altered. We will complement (2) and (4) by an equation of a closed system of control with a
proportional regulator, and with a dimensionless gain factor of 1/T:

VALK = (Y, K, v, (ALK ©

Proceeding to the form of writing of the variables in Matlab and rewriting the set of equations with a
closed control system takes on the form at the next, k+1, step is:

i (K+2) =(d(k)-V,, / L, =V, (k) / L) At +i, (K);
Vo (k+1) = (i, (k) / C, —v, (k) / R,C, )- At +V, (K);
vk+D) =V, — K, -v,(K)/T;

d(k+1) = ((V(K) =V ramp (K)) > 0);

(6)

Introduce the base values of voltage, current, and time: V; =V, 1, =V, /R, T, =T, respectively. With

this, in relative units, equation (6), which is suitable for Matlab calculations, assumes the following form:

x1(1) = 0;x2(1) = 0; x3(1) = 0;d (1) =1,

for k=1:8-10°

Xi(k +1) = ((d (k) - 71— x2(k) - 72) - (<1 j, k) > 0)) - A7 + xA(K);

x2(k +1) = (xU(k) - 72- (X1(j, k) > 0) — x2(k) - 72) - A7 + x2(K); (7)

x3(k +1) = (v —Kl-x2(k))-%;

d(k +1) = ((x3k) = 0.05-v ., (k)) > 0);
end

where xi(k) =i (K)/1,, x2(k)=v,(K)/V,, x3(K)=v(k)/V,, =R -T./L, r2=T,/RC,, v, =V

ref

IV,

ref —

Vi (K) =V (K) 1V, Uy =V, [V, A7=05-107, K, =05, T =0.1.
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The factor (X1(j,K)>0) corresponds to the fact that the output current of a buck converter cannot be
negative.

Being the basis of a mathematical model of the buck converter, equation (7) make it possible to calculate
all the voltages and currents on the elements of the diagram in Fig. 1. Thus, for example, Fig. 2 (a) and (b)

show the results of the Matlab calculations of the relative value of the current XI(k) (i,) and the relative
value of the voltage X2(K) for two values of the relative input voltagel,,: U, =15 and u,, =2.0. Here

the values of the constants 71=4,72=0.025,as wellas V, =20V, I, =2A, T,=20-10"s, V. =10V.

ramp.m —

Fig. 2 (a) and (b) shows that for the first value of the relative input voltage, u,, =1.5, the pulses of the
output current change with the periodicity Ty of the as the switching pulses, and the lower value of the
current pulsation is always the same, i,(nT,)=i,((n+1)T,), where n is an integer (see Fig. 2(a)). On the
other hand, for the second value of the relative input voltage, U, =2.0, the output current pulses change
with a doubled periodicity, 2T relative to the switching pulses, and the lower value of the current

pulsation at these moments has two different values, i,(nT,) and i,((n+1T,) (see Fig. 2(b)), and the first

bifurcation and the doubling of the period occurs. Fig. 2, c,d shows the same processes given also in relative
units, which have been obtained using the Matlab-Simulink program, and which coincide totally with the
results of Fig. 2, a, b.

Mathematical model
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Fig. 2. (a) relative output voltage and current when ui,=1.5; (b) relative output voltage and current when
uin=2; (c), (d) the same processes in Matlab-Simulink program.

In order to trace the whole process of changes of the output current upon changes of the input voltage in
a wide range, we will calculate (7) both upon changes of the parameter k (time), and upon changes of the

value of the input voltage for each time cycle. The system of equations for simultaneous calculations of both
cycles assumes the form:
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for  j=1:200;
for k=1:8-10°%
U, (j) =1+0.01- j;
x1(j,1) =0;x2(j,1) =0;x3(j,) =0;d(}) =L,
X1(j, k +1) = ((u, (1) -d (j,k) - 22 =x2(j, k) - 72) - (x1(, k) > 0)) - Az + X1( j, K); (8)
x2(j,k+1) = (x(j,k) - 72 (x1(j, k) > 0) = x2(j, k) - 72)- Az + x2(j, k);
x3(j.k+1) = (v, —K,-x2(j,k)/T;
d(j.k+1) = ((x3(j.k) = 0.05-v (k) > O);
end
end

Fig. 3 shows the results of these calculations, obtained with a simple program:

j=1:100;
m=8-10° —[1:50]- 2000; ©)
wl = x1(j,m);

plot(j,wa(:,:),"'k*";
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Fig. 3. Bifurcation diagram of the inductor current i, with input voltage variation.

First of all, let us look at the segment of the graph when j (the input voltage u,,(j)=1+0.01-j) changes

from 20 to 88; here we see that the relative current x1 (i,) changes periodically, with the period equaling the
period of switching, Ts, that is, the lower values x1,, of the current pulses are the same. Further, for j>88 the
period of repetition of the lower values of pulses doubles, then we clearly see the quadrupling of the period
(j>135), the beginning of its octupling and the transition to a chaotic mode. The general pattern is
somewhat distorted for calculation points with j<20, where the regular mode is alternating with single
points of the period’s multiplication, which, in our opinion is due to some accidental malfunctions in the
process of calculations. Note that an increasing of the value of T results in an increasing of the values of j, for
which the bifurcation mode begins, that is, in the shift of the graph to the right, and the diminishing T leads
to areversal in the process.

3. A Method for Removing Bifurcations and Chaotic Modes for a P-Regulator in a Buck
Converter with the Closed Loop Feedback

In order to remove the bifurcations and chaotic modes in the above-mentioned buck converter, let us first
change the diagram of a buck converter with the closed loop feedback to the one as in Fig. 4(a).

As shown in Fig. 4, the new modified circuit is supplemented by yet another switch, So, which closes
periodically for a short interval of time (approx. t=~ (0.1-0.3)T; ) immediately before the next switching pulse

of the main switch S. An additional diode Do prevents the discharge of the capacitor Co to the closed switch
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So. Since, in the continuous mode, during the time interval in which the diode D, acts as a conductor, at this
time the inductor Lo turns to be short-circuited, and in the ideal case, the current through it does not
change. As is seen in Fig. 4(a), in order to form the aforesaid pulse, the same sawtooth voltage Vyamp in the
other block PWMo is being compared with the voltage Ve, which is somewhat less in value than the
amplitude of Viamp, so in accordance with the polarity shown in Fig. 4(a), the short pulse of switch So
immediately before the main pulse on the switch S. It is easy to see that when we denote the value of the
duty cycle of the pulse at switch So through Do, the formula for the output voltage is of the form:

Vo :VinD/(l_ Do) (10)

Fig. 4. (a) A modified buck converter for P-regulator (b) A modified buck converter for I-regulator.

The system of equations for the model of the new system is given in (11). It differs from the model (9)
only by the setting of the value u,,  (j)=0.45-0.0005- j, and by the factor (u,,(j)>0.05-v . (K)) inthe

ramp

first and the second equations, which “switches off” the resistance Ro and the capacitor Co from the rest of
the circuit for the time of the pulse on So.

The results of the calculations in the form of a plot of the dependence of the lower values of the pulses of
the current x1 (i,) in the inductor on the magnitude of the input voltage determined by the parameter j, are
given in Fig. 5. As compared with Fig. 3, in the latter case bifurcations, and, all the more so, chaotic modes all
over the range of the changes of the supply voltage (in relative units from 1 to 3) are absent. The
calculations were carried out in two stages: first upon the changing of the input voltage from 1 to 2, and
then, from 2 to 3. In the first case, the reference voltage for the forming of the pulse of the auxiliary switch

So u_ (j)=0.45-0.0005- j, and in the second, u_ (j)=0.40—0.0005- j. The results of the calculations

ref .o ref.o

were then joined in a single plot in Fig. 5.

for  j=1:100;

for k=1:8-10%
U, (j)=1+0.01- j;u,, ,(j)=0.45-0.0005- j;
x1(j,) = 0;x2(j,1) =0;x3(j,1) =0;d () =1,

X1(j,k +1) = ((u, (J)-d(j, k) - 71— x2(j, k) - 7) - (x4( j, k) > 0) x (11)

><(uref.o(j) >0'05'Vramp(k)))'AT+ Xl(],k),
X2(J,k+1) :[Xl(],k)TZ(Xl(j,k) >.o)'(uref,o(j) >J-A‘[+X2(j,k);
>005-v . (K) - x2(j.K) - 72

X3(j. K+ = (v, — K, -x2(j,K))/T;
d(j,k+1)=((x3(j,k)=0.05-v ,,(k)) > 0);
end

end
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Fig. 5. The lower values of the inductor current after the elimination of bifurcations.

4. The Description of a Mathematical Model of the Buck Converter with the Closed
Loop Feedback and an Integral (Proportional-Integral) Regulator (I-Regulator,
PI-Regulator)

Consider now the same mode of the changing of the input voltage, with an I-regulator in the closed loop
feedback system (see Fig. 1), the feedback of the amplifier Z consists of the capacitor C, so the gain factor of

the amplifier K =1/RC=1/T, (and the time constant equals T, =RC, or, in relative units, T =RC/T).

r

In this case, the system of equations describing the functioning of the model is similar to (8), only the
third equation, which describes the output of the integral regulator, X3(j,k) will be different:

x3(j,k+1) =((v, —K;-x2(j,k)) -%)-Az—+x3(j,k); (12)

ref
This system of equations makes it possible to determine the output voltage and current for any value of

the input voltage within the range from 1 to 3, and for any value of the time constant of the amplifier. The
calculations show that for the time constant of the amplifier, T. =RC >2-.10", the system is stable and in a
steady-state a periodic mode of the output current and voltage establishes itself, with the frequency of
pulses that equals the frequency of switching (Fig. 6(a), shows the values of the output current and voltage
at u;;=3). As T decreases, the mode becomes non-stable, and undamped, then low-frequency auto-oscillation
establish themselves (Fig. 6( b) shows the results for, uj,=3, T, =1-10*s). Fig. 6 (c) and (d) shows the same
processes, obtained by Matlab-Simulink program, which are shown to be identical to the results in Fig. 6 (a)
and (b).

Mathematical model
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current when ui»=3, T =1.10"s; (c), (d) the same processes in Matlab-Simulink program.
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The frequency of auto-oscillations does not depend on the magnitude of the input voltage, despite the fact
that their amplitude increases with an increase of the value u. It is seen from Fig. 7, which shows the
trajectory of the changes in the values of the output current at the moments of the entering of switching
pulses.
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Fig. 7. Bifurcation diagram of the inductor current i, with input voltage variation for I-regulator an
T =1.10"s.

The values are conditionally symmetric with respect to the mean value of the output current are marked
by the same line style. The number of branches in the plot after its branching at j~40, u=1.4, remains

unchanged, and the values of some of them vanish upon an increase of u;,. The fact that number of the plot
branches remains constant indicates that the frequency of the low-frequency auto-oscillations remains
constant. Note that with an integral regulator, the system does not become chaotic. The same picture is
observed in the case of a PI-regulator, when the equation for the calculation of x3(j,k+1) in (8) assumes the

form (here 1/T, is the gain factor of the P-regulator):

x3(j,k +1) = (v

ref

—Kl-x2(j,k))-%)-Ar+x3~(j,k)(1+Ar~Ti); (13)
P

5. A Method to Eliminate Instabilities of an I-Regulator in Buck Converters with Closed
Loop Feedback

In the case of a system with an I-regulator, the current of the inductor has a deeply oscillating character

(as seen Fig. 6(b)), therefore, instead of supplying an additional pulse according to the diagram in Fig. 4(a)

at the fixed moments of time, it should be supplied at the moments when the lower level of current in the

inductor reaches a certain value, as is shown in the diagram of Fig. 4(b). In order to do so, the control

system is supplemented by a comparator whose input receives the inductor's current x1,(i,) and the value

of the limiting current, ¢ as well as by a RS-trigger that forms the necessary pulse at the switch So. The

ref.0’

back return of the trigger is made by the Clock pulses that are formed after the back front of the sawtooth
voltage. This makes it possible to eliminate low-frequency oscillations of the output current over all the
range of the input voltage, as is shown clearly from calculations even upon a considerable decrease of the
time constant of the integrator (see Fig. 8). Fig. 9 shows the lower values of the pulsation of the output
current over all the range of voltage changes upon changing the limiting current according to the formula
Ly o(J) =0.75-0.00005- j, that is with a certain decrease of the current, as the input voltage increases. The

plot shows the fact that all over the range of the changes of the input voltage the current is in a steady-state
and the frequency of pulses equals the frequency of switching.

The system of equations (11) changes in respect to the setting of the limiting current and assumes the
following form:
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for  j=1:100;
for k=1:8-10°%
u,, (j) =1+0.01- j;z,, ,(j) = 0.75-0.00005- j;
x1(j,1) =0;x2(j,1) =0;x3(j,1) =0,d (1) =1,
X1(j,k+1) = ((uy, (1) -d(J, k) - 722 =x2(j, k) - 72) - (<], K) > 1., (1)) - AL+ x2(j, K); (14)
x2(j,k +1) = (X1(j, k) - 72 (XU, K) > 14 (1)) = X2( ], k) - 72) - At + x2(j, K);
X3(j, k+1) = (v, — K, -x2(j,K)) I T)- A7 +x3(j, k)
d(j,k+1)=((x3(j,k) -0.05-v ., (k)) > 0);
end
end

Thus, the proposed methods of influencing the inductor's current using an additional switch eliminate
completely both the chaotic mode and undamped low-frequency oscillations in a wide range of the
variation of the input voltage and the regulators’ parameters.
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Fig. 9. The lower values of the inductor current after the elimination of bifurcations for I-regulator.

6. Buck Converter with a Closed Loop Control System Combined with Parametric
Control

Since in the static mode V,=D-V,

AY/

ramp.m ’

and, on the other hand, at the linear sawtooth voltage in a PWM

system D=V

contr

then maintaining V

ramp.m

=V, for any input voltage, we obtain V, =V,

contr ’

namely,

the output voltage in an ideal case would be maintained constant and equal to the control voltage at any
values of the input voltage. The above-mentioned does not take into account changes in the load, and
internal losses of voltage, therefore, to compensate these changes, we will preserve the above considered
closed systems of control combined with parametrical control.

If the sawtooth voltage is given by the formula (3) with v

ramp.m

=1V, then in the system of equations for

P-regulator and I-regulator (8) and (12) only the last equation would be changed, assuming the form:

d(J, k+2) = (301, K) +Vier ) =iy (1) ramp (K)) > 0); (15)
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The calculations show that for such a control in all the range of variations of the input voltage, a usual

mode of the pulsation of the inductor's current is maintained, with the switching frequency (see Fig. 10,

analogous to Fig. 5 and Fig. 9). It can be easily explained, on the one hand, the output signals of P-regulator

and I-regulator comprise a small part of the general control signal, and, on the other hand, the sawtooth

voltage itself increases, and there are no conditions for the multiplication of the period of pulses.
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Fig. 10. The lower values of the inductor current after the elimination of bifurcations with parametric
control, (a) for P-regulator, (b) for I-regulator.

7. Conclusions

1. A simple mathematical model of a buck converter with feedback has been developed on the basis of the
Matlab platform, which makes it possible to obtain not only all the modes of the converter functioning,
including the chaotic or undamped oscillatory ones, but also directly using this model, to carry out all
the necessary numerical and graphical processing of the results.

2. Two kinds of regulators in the feedback circuit - the proportional, and the integral (or
proportional-integral) ones have been considered and analyzed, for which two types of differing in
principle processes have been obtained: in the first case bifurcations and the onset of chaos upon the
growth of the supply voltage, and undamped oscillations of the reactor current, in the second case.

3. For each of the types of control considered, there have been proposed the method either of the
synchronization of the chaotic mode, or the complete elimination of oscillations; both have shown their
efficiency. In both cases, the methods are based on the effect on the ripple of the reactor current and,
accordingly, on the reactive power of the current ripple circulating between the source and the
converter.
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