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Fuzzy Complex System of Linear Equations
Applied to Circuit Analysis

Taher Rahgooy, Hadi Sadoghi Y azdi, Reza Monsefi

Abstract— In this paper, application of fuzzy system of
linear equations (FSLE) is investigated in the circuit
analysis (CA). In the field of CA, each circuit includes
linear resistance, inductance and capacitance are
modeled to complex linear equation. A fuzzy current or
voltage in the circuit is more intellectual relative to crisp
value because of some reasons as environmental
conditions, tolerance in the elements, and noise (leakage
of power harmonics). This scheme forces for
presentation of fuzzy complex system of linear equations
(FCSLE). Derivation is presented for solving FCSLE and
obtained results show ability of this method in CA.

Index Terms— Fuzzy complex system of linear equations, Fuzzy
system of linear equations, Circuit analysis, Fuzzy current and
voltage, Noise, Tolerance.

I. INTRODUCTION

Wide range of real world applications in many areas
including economics, engineering and physics, are using
linear system of equations for modeling and solving their
respective problems. In many situations the estimation of the
system parameters is imprecise and only some vague
knowledge about the actual value of parametersis available,
therefore to overcome this problem the vagueness of
parameters is represented by fuzzy numbers. In many
applications some of the parameters are usualy represented
by complex numbers which have fuzzy nature, thus it is
important to develop mathematicad models that would
appropriately treat fuzzy complex linear systems. Circuits
can be modeled in the form of fuzzy complex system of linear
equations (FCSLE).A rapid growth of interest in circuit
theory and simulation is seen in recent decade. A circuit
simulation program (e.g., SPICES [1] and QPMDFSD [2, 3,
and 4]) provides very good details in simulation of circuits.
These types of software provide various facilities for
obtaining best answer which is close to rea form. Some
contributions have been made in stability theory using
functional analysis in the study of nonlinear systems, and
computer-aided nonlinear network analysis [5, 6, 7, and §].
But uncertainty in circuit parameters and environmental
conditions lead to develop a new method which takes in to
account uncertainty in circuit analysis. In the previous work
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[9], we considered circuit equation as a fuzzy differential
equation (FDE) with fuzzy variables. We applied two
conventiona types of fuzzy derivative in circuit analysis. In
[9] simple circuits were investigated and transient response
were dicited. In present study steady state analysis of
complex circuit is investigated from FSLE perspective. This
scheme forces for presentation of fuzzy complex system of
linear equations (FCSLE). Therefore in the following, related
works on FSLE field is presented.

Il. RELATED WORKS

A particular type of fuzzy systems, Ax = b, where the
coefficient matrix Aiscrisp, while b isafuzzy number vector,
is investigated by Friedman et al. [10], Ma et a. [15] and
Allahviranloo[11-13], by using interval analysis techniques.
Friedman et al. [10] has used the embedding method givenin
[19], they replaced the original fuzzy linear system with a
crisp linear system having anonnegative coefficient matrix S,
which may be singular even if A is nonsingular.
Allahviranloo [11-13] uses the iterative Jacobi and Gauss
Siedel method, the Adomian method and the Successive
over-relaxation method, respectively. Dehghan and Hashemi
[14, 20] extended severa well-known numerical agorithms
such as Richardson, Extrapolated Richardson, Jacobi, JOR,
Gauss-Seidel, EGS, SOR, AOR, ESOR, SSOR, USSOR,
EMA and M SOR to solve system of linear equations. Maet al.
[15], starting from the work by Friedman et a. [10], analyzed
the solution of fuzzy systems of the form Ajx = Aox + b. They
remarked that the system
Ax = Ax + b is not equivalent to the system (A; - A)) X =b,
since for an arbitrary fuzzy number u there exists no element
v such that u + v = 0. They introduced the conditions under
which the new system had a solution. Muzziolia et al [16]
discussed fuzzy linear systems in the form of
Ax + by = Ax + by with A;, A, square matrices of fuzzy
coefficients and by, b, fuzzy number vectors. They clarified
the link between interval linear systems and fuzzy linear
systems also a generdization of the vector solution of
Buckley and Qu [17]. Abbasbandy and A. Jafarian 2006
proposed the steepest descent method, for solving FSLE [18].
In the aforementioned works, real coefficients are discussed
but in many applications as circuit anaysis, while SLE
includes complex coefficients and complex variables. Also
we encountered situations in circuit solving that needs
solving a FSLE model which has been solved by Friedman et
al. [10]. Therefore we present a Fuzzy Complex SLE, namely,
FCSLE in this paper. This model works well in circuit
solving. Major notesin this paper are presentation of FCSLE,
and application of FSLE and FCSLE in circuit solving.
Organization of this paper is as follows:
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FSLE isexplainedin section|1. Section |V appropriateto the
proposed FCSLE and experimental results over circuit
analysis are discussed in the section V. Final section includes
the conclusion.

IIl. Fuzzy SYSTEM OF LINEAR EQUATIONS

A. Preliminaries

We represented an arbitrary fuzzy number by an ordered pair
of functions (u(),T(r)), 0 =+ = 1 which should satisfy
the following requirements:

1. u(r) is a bounded left continuous nondecreasing
function over [0, 1].

2. u{r) is a bounded left continuous nonincreasing
function over [0, 1].

Qulrlzalr), 0=r=1.

— Lower
— Upper ||

r-(Membership Value)
=
=

Fig. 1 A fuzzy number

For example, the fuzzy number (1 + r, 4 - 2r) is shown in
Fig. 1. A crisp number o is simply represented by
ulr) =al) =x ,0=r=1.

By appropriate definitions the fuzzy number space
fu(r), u(r)} becomes a convex cone E' which is then

embedded isomorphically and isometrically into a Banach
space.

Definition 1. Then x n linear system of equations
@1 Xy + G@13xy o QX = ¥y
Bz1%; + Gz2%7 + 0+ QopXp = Vg,

(D

Opi Xy QppXy T F Oy Xy = Y

Where  the  coefficient — matrix A= (a;).
1=ij=nisacrispnxnmatrixandy; e E*1<i<nis
called aFSLEs.

A solution (xy,x5....., x,J to (1) one should recall that for

arbitrary fuzzy numbers x = (x,T).y = (iﬂ and real
number K,
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if and only if

a x
x ¥(r) and X(r) = ¥(r)

=y
()
b. x +y =x0) + (). 20D + ¥(r)

2

{{ch, kx), k=0,
c. kx= -
(K% kx), k<0

Definition 2[12]. A fuzzy number vector (x,.x5.....x, )
givenby x; = (5(?"],}{?]);1 Zi=n0=r<liscaled
asolution of the FSLE if

n Y U

min Z Qi |'1-[J = [xj]r = Z QX = Z ajx; =

= i=1 =

" 4] " )

max Z E-:J-"EIJ-' |'EIJ- e [xj]r = Z n.:_l.-.r_l.- = Z E-:J-'IJ-' =

= j=1 =

Consider the ith equation of the system (1):
o (2. %)+ ot a2 %) + 0 + 0 (2.7,) = (Ecsl?._-j';
We have

@y ot Gxp ot Gy = l("'"} .

4
)

Q‘:lxl+"'+ﬂ‘::x:+"'+ﬂ‘:u-ru=}:(7"}J 1=i=:
From (4) we have two crisp nx n linear systems for al i that
there can be extended to a 2n x 2n crisp linear system as
follows:

B 5120 S;=01[X] _[¥
SX_F_'[SEEU 51:_?0][7]_[5 ©)

Thus FSLE(1) is extended to a crisp (5) where A=S5+S; .
Eq. (5) can be write asfollows:

515 + SZE = E

S X+5X =V

or

51X ~5X=Y, (6)
5 X 45X =V

Theorem 1. The matrix S is nonsingular if and only if the
matrices A=S+S, and Si— S; are both nonsingular. See [21].

Definition 3 Let
X = {(55{:"],}5(?]) d=i= ﬂ} denote the unique solution

of SX=Y. The fuzzy number vector
U = {{u;().3:(r)). 1 = i < n} defined by

u (r) = min {5: (r). % (r).x (1}}
u; {r) = max {5: (). x; (). x, (1) }
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Is called the fuzzy solution of SX=Y. If (x,().%,6)),
l=i=n ae dl triangular fuzzy numbers then
u;(r) = x50 =50)1=i=<nand U is cdled a
strong fuzzy solution. Otherwise, U is aweak fuzzy solution.
See[12].

IV. FUzzY COMPLEX SYSTEM OF LINEAR EQUATIONS

A. Prédiminaries

We define an arbitrary fuzzy complex number
[23, 24] by using two fuzzy numbers that represent real and
imaginary part of complex number as:

Z=d+bi,where ¢ = (E(ﬂ,ﬁ(ﬂ:} ,
5=(0).5() Jand 0= r=1
therefore

Z = alr) + ib(7)

and

Z =alr) + ib(+)

Definition 4. Then x n linear system of complex equations
€112 + C1223 + '+ €15, = Wy,
€217y + Cp2Z3 + -+ CaZy = W

(8)

Cp1Zy T CpaZp T T Cpplp = Wy

Where the coefficient matrix € = (¢;).1=ij=n isa
complex crisp n x n matrix and w;. 1 =i =mn is complex
fuzzy number, iscalled a FCSLEs.

We can represent this system as:

!
E 6z =w; Lfori=L2..n

i=1

In order to solving this system we decomposed complex
numbers:

':'Ej' = a'ij' + :'Elij'

=g tig
wp = up iy

n
Z{nﬁ + I--EJEJ':I{:’,!PJ' + fql_i'} = uj + I-U'g .
=t

fori=12,...n

Therefore

il

n
Z a;jp; — bija; + Z a;;q; T bypy = up + vy
J=t1

j=1
fori=12,...n

Now we can separate real and imaginary parts:

il

Z o p; — b =u; L fori=12,..n

i=1

n
Z bijp; +ajq; = vi.fori=12...n

j=1

For solving this system we can write:

V= [1?5]

U= [H.J

A= [aii']

B = [&ii']

P= [?g]

Q'A= [qg ,f;*r i E}_‘LE, -

[B A] [Q] - [hl ©)

As you see this system is a FSLE that can be solved by
approach considered in section 3.

V. CIRCUIT ANALYSISWITH FUZZY VARIABLES

A linear time invariant electric circuit with constant
coefficients and fuzzy sources has a system of fuzzy linear
equations that can be expressed in the following form,

¥
¥

oy %y + @i+ Ay
+ et £

[CEI

n
By ¥y + Qg ¥+ o+ B ¥y = Wy

Where g;; is a constant coefficient, ¥; is afuzzy source and

:£; can be current or voltage in the circuit. Thus we can solve
this system with approaches considered in sections 3 and 4.

A. Examples

In this section we are going to solve a circuit example. We
will in fact consider a fuzzified version of examples from
classical circuit analysis[21, 22].

Al Examplel

Consider asimpleresistive circuit with fuzzy current and
fuzzy source

64 120
W W
b— 4“ ——
(394422 V — T (23+,250) V
— (114,131 V

Fig. 2. A circuit with fuzzy current and fuzzy source
The system of equations for thiscircuit is:.

101, —4l,= (39 + .42 = 2r) = (11 + 1,13 = 7)
—4f, +165, = (11 + 713 —#) + (23 +7.25 — 1)
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Consider asimple RLC circuit with fuzzy current and

fuzzy source in figure 4.

The system of equations for thiscircuit is:

(10 — 7.57)1, — (6 — 51, =
G+r6—rI+jil-1+r1-7)

—(6 — 571, + (16 + 3j)1, =
(—2+r—r) +ji-3+r.-1-17)

I, =%, +iy,
I, = %+ i,
[1[] — 75 -6+ 5:'] [;'1]

—6+3 16+ 3idli;

In order to (9)

1793-8163
We can simplify system as: 1 1 7
—+=r
18 6
100, — 41, = (26 + 2r, 31 — 37) 29 1
—41, + 161, = (34 + 27,38 — 2 = ST
179 3 !
Therefore 18 18
121 1
_[io o _[0 —4 26 127
51_[0 16]’5:_[—4 EI]
i (?1 1 7@ 5 )
And then =\ te" e
1 0 o0 —4 26 4+ 21
s_|0 16 -4 0 p_[|3¢+2r|
= V= |
o -4 10 0 31 —3r|
—=1-1 0 0 1@1 38 — 241
[ 1 % 1 121 1
3 0 0 3 L=(F+eri-37)
0 ° ! 0
72 36
1 1 .
U - _
s 9
1 0 0 3
36 72 -
1 + T T J\ T T -
09+ L ,." \\ _ + 2
08 ++ ; \'\\ —
\
E‘D.?— * * ,’ 3\ .
G { A
> 0BR + # i A N
- _
=] i 1
W5+ # i \ —
3 [ \
E O4E *  # i \ -
= i \
03+ + i Y .
i \
02+ * I Y |
i v
010+ + I \ _
i !
0 le ol | | LY
3.2 3.4 38 4 42 4.4 46
I-{Current)
Fig. 3. The solution of the system from example 5.1.1
A2 Example 2 In matrix form, we obtain

[{=}+T,ﬁ—r]+j{—l+r,1—r]'
(=2 +r,—r) +j(=3+r —-1—7)

a=[% Sf0=[7 3

-8 18
(4 ++6—1v)

V= [(—2 + 7, =)
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V= [ (—1+r1-7)
T =3+ 11—
X3 ¥
p=[al =[]
4 2.5j 10 8j

T+

(4+r1,6-1)+j(-141,1-1) "\D Vs

+

@D (241,194 (-347,-11)

Fig. 4. A RLC circuit with fuzzy current and fuzzy sources

Therefore
10 -6 75 —5]rx {=1=+1'",6—'r]]
-6 16 -5 —3||xz|_| 2+r-r) |
-7.5 3 10 -6|n (-1+r1-7) |
5 3 -6 16l l(-3+r-1-+]
Inorder to 5
(10 0 7.5 0
s |0 16 0 0
L 0 3 10 0
L 5 i 0 18
[0 -6 0 -5
|- 0 -5 -3
S2= =73 0 o —-8e
L 0 0 -6 0
10 0 75 0 0 —6 0 -5
0 16 0 0 —B6 0 -3 -3
0 a 10 o =-¥3 0 0 -6
5= 3 3 0 16 0 o -6 0
0 -6 0 =3 10 o 75 0
—6 o0 -5 -3 0 16 0 0
=75 0 o -8 0 3 10 0
-0 o0 -6 0 3 3 0 16-
4L
24
-1+
_|-3+r
r= 6—r
—-r
1—r
—1 —

After solving the above system we have

r 0.3164 + 0.0373r 7
0.0347 + 0.0307r
0.0708 + 0.0378r
—0.2380 + 0.0307r
0.3920 — 0.0378r
0.0961 — 0.0307r
0.1464 — 0.0378r

L —0.1765 — 0.0307r-

539

Therefore

I, = (0.3164 + 0.0378»,0.3020 — 0.03787) +
i(0.0708 + 0.0378r,0.1464 — 0.0378r)

I, = (0.0347 + 0.0307,0.0961 — 0.0307+) +
i(—0.2380 + 0.0307r,—0.1765 — 0.0307r)

The crisp solution for circuit represented in figure 4 is:

I, =0.3542 + 0.1086:¢
I, = 0.0634 — 0.2072{
That equals with the fuzzy solution with r=1.

B. Sensitivity check

If we changethe Vs source from 5to 5.1 the solution will
be

I, =0.3629 + 0.1119%

I, =0.0693 — 0.2005¢

That is within the a-cut with a=0.75 in fuzzy solution
and is an acceptable solution for this system. Thissimple
experience shows how fuzzification of the system can
help maintain the tolerance of the system. Therefore,
fuzzy current obtained from solution of FCSLE can
easily cover some change in value of elements, this
property can be of great use in designing procedure.
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I! " '\ ' i + Real(l1)
08- j‘i “ ;‘\ # 1 |~ —-Im(I1)
[ [ + Real(12)
08 [ o1y 1 ---m2)
— m 't
gﬂ?— ]i Qf! ‘ L
E iy Iy
;naf [ el *
= ' iy
[ [ LT 4+
é [ [
Eoap [ + 1 o
I oy ! \
T 0ar [ + i - *
L | I i
02k I | + I+ \ +* +*
[ ! |
01 ! 1 + e i + 4
! | ! 1
i 11 L L - I 4 1 1 | g ™
03 02 01 01 02 03 0.4

0
I-(Current)

Fig. 5. The solution of the system from example 5.1.2
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VI. CONCLUSION

Actual simulation of real world is the magjor problem in
many fields of engineering applications. In circuit design,
simulation of real current and voltage is magjor problem in
circuit analysis and design. We tried to present a fuzzy based
approach for simulation of voltage and current sources and
fuzzy current as well as voltage in circuit equations. Fuzzy
complex system of linear equations was derived for this
purpose. The proposed scheme could cover changesin circuit
elements (vaue of element).
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