
  

  
Abstract—In this paper, we study the modulation diversity in 

PSK scheme obtained by rotating the signal constellation and 
incorporating bit interleaving. We derive here the expressions 
for the average bit error rate (ABER) of rotated PSK 
modulation over frequency non-selective slowly fading Rayleigh 
and Ricean channels using moment generating function (MGF) 
based approach. Numerical results are obtained to compare the 
performance of conventional and rotated modulation schemes. 
We investigate the dependence of bit error rate on 
signal-to-noise ratio, fading parameters and the angle of 
rotation. The results show the improved performance of rotated 
scheme over conventional method in both the fading models. 
Also significant gain is noted for the case of strong LOS 
component. We also find and discuss the optimum rotation 
angle in rotated PSK scheme.   The symmetrical nature of BER 
with rotation angle is observed. 
 

Index Terms—Average bit error rate, bit interleaving, 
diversity, moment generating function, rayleigh fading channel, 
rotating signal constellation. 
 

I. INTRODUCTION 
Fading is an important issue in wireless communication 

channels. This causes significant degradation of the 
performance of wireless digital communication systems. 
High rate date transmission needs to combat fading effects in 
the channel. One way to reduce the effect of fading is to apply 
diversity techniques on the communication systems [1]-[5]. 
Diversity can be implemented as space, time, frequency, code 
and modulation [6]-[8]. Diversity refers to two or more signal 
paths that fade signals independently. These independent 
paths are combined in such a way that the fading of resultant 
signal is reduced [9], [10]. There are many combining 
techniques which can apply at the receiver, results in higher 
SNR per bit. For PSK transmission through wireless medium 
fading is an important factor for signal degradation and error 
performance evaluation.  

In recent years, modulation diversity obtained by applying 
a certain rotation to the signal constellation, has attracted 
great attention to the researchers [11], [12]. Rotation 
diversity makes use of an interleaver/de-interleaver pair with 
in-phase and quadrature components of the received signals 
being affected by independent channel fading coefficients. 
These fading coefficients called channel state information 
(CSI) are assumed known at the receiver. The pair-wise error 
probability based on Chernoff bounds was studied by many 
authors [6], [12], [13]. When the received signal is composed 
of signals from different reflected paths in addition to a 
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significant LOS (no-fading) component, the signal envelope 
has been proved to follow Ricean pdf for small scale fading 
effect [9], [14].  

Of the coherent scheme, PSK modulation is very often 
preferred due to its better spectral efficiency. In this paper, 
the closed form expressions for error probabilities for rotated 
PSK on frequency non-selective Rayleigh and Ricean 
channel have been derived. Pair-wise error probability is also 
derived on the moment generating function (MGF) approach 
for both types of channel fading. The rest of the paper is 
organized as follows: Section II describes the model of the 
system using binary PSK over Rayleigh and Ricean fading 
channels. The Error performance analysis of rotated PSK 
modulation is presented and discussed in section III. 
Computed results are presented and discussed in Section IV. 
The paper finally ends in section V with some concluding 
remarks. 

 
Fig. 1. Signal constellation for conventional QPSK (unrotated) and 

rotated QPSK. 

 
Fig. 2. Block diagram of rotated PSK transmitter. 

 

II.  PERFORMANCE ANALYSIS 
A certain rotation by a constant phase angle to the 

conventional PSK signal constellation results in rotated PSK 
signal constellation, as shown in figure1. The small solid 
circles in Fig. 1 represents the signal points for conventional 
PSK modulation whereas, the open circles show the case 
when the signal constellation is rotated by a θ0 angle. The 
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conventional PSK has always one common component with 
some other symbols in the constellation and so symbol 
interleaving does not offer appreciable SNR gain. But when 
rotation is applied, the symbols do not have common 
components and so symbol interleaving introduces a 
diversity gain into a system [15]. 

As a result of rotation of signal constellation and symbol 
interleaving, rotated modulation scheme should have a 
different transmitter structure as shown in fig. 2. The rotated 
PSK modulator generates the orthogonal I and Q channels, as 
shown. The in-phase (sI) and quadrature (sQ) components of 
the transmitted signal on two channels are independent from 
each other. The transmitted signal thus can be written as 

 sሺtሻ ൌ ෍ ܽ௡ ା∞
௡ୀି∞ ݐሺ݌ െ ݊ܶሻ cosሺ2ߨ ௖݂ݐሻ ൅ 

             ∑ ܾ௡ ା∞ି∞ ݐሺ݌ െ ݊ܶሻ sinሺ2ߨ ௖݂ݐሻ                    (1) 
 

with ܽ௡,  ܾ௡ ൌ േ1   with equal probability and ݌ሺݐሻ ൌቄ1 ,   0 ൑ ݐ ൑ ܶ0 , ݁ݎ݄݁ݓ݁ݏ݈݁  representing the shape of the pulse. In the 

above equation, fc is the carrier frequency and T is the symbol 
duration. Because of rotating signal constellation, the 
bit-interleaved transmitted signal can be written as  
 sሺtሻ ൌ ܣ ෍ ∞௡ ାݔ

௡ୀି∞ ݐሺ݌ െ ݊ܶሻ cosሺ2ߨ ௖݂ݐሻ ൅  
ܣ                                               ∑ ∞ି∞௡ ାݕ ݐሺ݌ െ ݊ܶሻsinሺ2ߨ ௖݂ݐሻ           (2) 
 
where ݔ௡ ൌ ܽ௡ܿߠݏ݋ െ ܾ௡ߠ ݊݅ݏ  , and  ݕ௡ ൌ ܽ௡ߠ݊݅ݏ ൅ܾ௡ܿߠ ݏ݋  and ܣ  represents the modulator gain. The above 
modulated signal is now transmitted through the transmission 
medium which is assumed to be additive white Gaussian 
noise (AWGN) channel. The interleavers are selected such 
that both the in-phase and quadrature components are 
independent after de-interleaving. The rotating phase angle is 
chosen such that the squared Euclidian distance between 
signals constellations are maximized for both the 
components. 

The closest constellation points for BPSK scheme depends 
on the rotation angle. Here we take a digital communication 
channel to be frequency non-selective, slowly fading with 
multiplicative fading envelope and AWGN component. The 
received signal is the faded and noisy version of the 
transmitted signal s(t) and is can be written as  

ሻݐሺݎ  ൌ ሻݐሺݏሻݐሺߙ ൅ ݊ሺݐሻ,                   (3) 
 
where ߙሺݐሻ  represents fading envelope causing random 
amplitude variation and n(t) represents zero mean Gaussian 
noise. In case of slow fading, the fading amplitude is 
regarded constant over one symbol interval. The block 
diagram for the receiver structure of rotated PSK scheme is 
sketched in figure 3. There are a number of statistical models 
available in the literature to characterize fading envelopes 
under different channel conditions [16].  

We study here the Rayleigh and Ricean distributed fading 
components due to their wide applications in wireless 
environments. If the received signal contains strong 
line-of-sight (LOS) component, the fading distribution is 

taken to be Ricean [16]. The effect of the fading is decided by 
the Ricean factor which is defined as the ratio of LOS to the 
non- LOS components.  The received signal is first applied to 
the correlated demodulators (two orthogonal carriers cosሺ2ߨ ௖݂ݐሻ and sinሺ2ߨ ௖݂ݐሻ multiply the received signal in 
two different branches) and then de-interleaved. The outputs 
of de-inteleavers are rI & rQ, the in-phase and quadrature 
components of the received vector ݎҧ given by 

ҧݎ  ൌ ൫ݎூ, ொ൯ݎ ൌ ሺߙଵݏூ ൅ ݊௟, ொݏଶߙ ൅ ݊ொሻ.                   (4) 
 

 
Fig. 3. Block diagram of PSK receiver. 

 
In case of ideal interleavers with ߙଵand ߙଶ as independent 

identically distributed (i.i.d) random variables of zero mean 
with ܧሾߙଵଶሿ ൌ ଶଶሿߙሾܧ ൌ 1. Note that the means of ߙଵand ߙଶ 
are non-zero for Ricean distributed random variables. The 
quantities nI and nQ representing in-phase and quadrature 
noise components, are assumed independent random 
variables with zero mean and variance N0/2. The complete 
channel state information (CSI) is assumed available at the 
receiver and the detection is based on maximum likelihood 
ML decision [17]. The corresponding detection metric ݉ሺݏపഥ|ݎҧ,  തሻ can be obtained asߙ

 
 ݉ሺݏపഥ|ݎҧ, തሻߙ ൌצ ҧݎ െ തߙ ٖ పഥݏ ,ଶצ ݅ ൌ 1,2         (5) 

 
where ߙത = (α1, α2) and si (i = 1, 2) is the ith symbol of rotated 
BPSK constellation, ‘צ.  denotes the norm and ۨ represents ’צ
component-wise product. 
 

III. PERFORMANCE ANALYSIS 
The conditional bit error probability can be written as 

 

              ܲሺݏҧ ՜ ŝ|ߙଵ, ଶሻߙ ൌ ܳ ቆටாೞఈభమ∆಺మାாೞఈమమ∆ೂమଶேబ ቇ               (6) 

 
where the vector ŝ = (ŝI, ŝQ) denote the in-phase and 
quadrature components of the estimate of the signal s,  ∆ூൌ ூݏ െ ,ூݏ̂ ∆ொൌ ொݏ െ ொݏ̂ , and Q(.) is the Gaussian Q- 
function defined by    
          

    Qሺxሻ ൌ ଵ√ଶπ ׬ eି୲మ/ଶ∞୶ dt             (7) 
 

The above conditional probability of error event can be 
averaged out over pdf of fading amplitudes to get average bit 

error probability. By taking ݕଵ ൌ ఈభమ∆಺మேబ   and  ݕଶ ൌ ఈమమ∆ೂమே೚  , the 
average bit error rate (ABER) can be obtained as [16] 
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 ܲሺݏҧ ՜ ŝሻ ൌ ׬ ଵగ∞଴ ׬  ݌ݔ݁ ቀ ି௬ସ௦௜௡మ׎ቁగ/ଶ଴  (8)          ݕሻ݀ݕ௬ሺ݌ ׎݀ 

where  ݌௬ሺݕሻ is the pdf of y = y1+y2 and My(β) is the moment 
generating function of y, defined as  
 

My(β) =   ׬ p୷ሺyሻeஒ୷∞଴ dy                       (9) 
 

So we can write equation (8) as 
 ܲሺݏҧ ՜ ŝሻ ൌ ଵగ ׬ ௬ܯ ቀ ିଵସ௦௜௡మ׎ቁగ/ଶ଴  (10)        ׎݀ 

 
The MGF of Rayleigh distributed random variable is given 
by [16] 
 

௬ሺβሻܯ  ൌ ሺ1 െ βݕതሻିଵ         (11) 
 
The MGF of y is given by [18], which can be expressed as 
 

 M୷ሺβሻ ൌ M୷ଵሺβሻ. M୷ଶሺβሻ                   (12)   
    

A. Error Analysis for Rayleigh fading Channel       
By Eq. (12), the MGF of y is written as  

 M୷ ቀβ ൌ ିଵସୱ୧୬మ׎ቁ ൌ  ቆ ୱ୧୬మ׎ୱ୧୬మ׎ା౯భതതതതర ቇ ቆ ୱ୧୬మ׎ୱ୧୬మ׎ା౯మതതതതర ቇ           (13) 

 
Thus conditional error probability is  

 ܲሺݏҧ ՜ ŝሻ ൌ ଵగ ׬ ቆ ୱ୧୬మ׎ୱ୧୬మ׎ା౯భതതതതర ቇ ቆ ୱ୧୬మ׎ୱ୧୬మ׎ା౯మതതതതర ቇ d׎∞଴          (14) 

 
By substituting ܿଵ ൌ ୷భതതതതସ , ܿଶ ൌ ୷మതതതതସ  and x ൌ cosଶ׎ , the 

above equation reduces to  
 ܲሺݏҧ ՜ ŝሻ ൌ ଵଶగሺଵା௖భሻሺଵା௖మሻ ׬ ሺ1 െ ହሺ1.ିݔሻଵ.ହݔ െ ሻିଵሺ1ݔݑ െ ଵ଴ݔሻିଵ݀ݔݒ          
                          (15)  
where ݑ ൌ ଵሺଵା௖భሻ ݒ  ݀݊ܽ  ൌ  ଵሺଵା௖మሻ 

The ABER can be expressed in the closed form [19, Eq. 
3.211] ܲሺݏҧ ՜ ŝሻ ൌ ஻ሺଶ.ହ,଴.ହሻଶగሺଵା௖భሻሺଵା௖మሻ ଵሺ0.5,1,1,3; ሺ1ܨ ൅ ܿଵሻିଵ, ሺ1 ൅ ܿଶሻିଵሻ    
(16)                                
where ܨଵሺ. , . , . , . ; . , . ሻ is Appell hypergeometric function and 
B(a,b) is the beta function. 

At high SNR, the hypergeometric fuction converges to one 
and the upper bound of error rate can be expressed as ܲሺݏҧ ՜ ŝሻ ൑ ,ሺ2.5ܤ .5ሻ2ߨሺܿଵሻሺܿଶሻ                   ൌ ஻ሺଶ.ହ,.ହሻଶగቆഀభమ∆಺మరಿబ ቇ൭ഀమమ∆ೂమరಿ೚ ൱ ൌ ஻ሺଶ.ହ,.ହሻଶగቆഀభమഀమమಿబ ቇ൬∆಺∆ೂర ൰మ          (17) 

For binary symbols s1 and s2, the above equation simplifies 
to ௦ܲ ൌ ଵଶ ሾܲሺݏଶ ՜ ଵሻݏ ൅  ܲሺݏଵ ՜  ଶሻ ሿ     (18)ݏ

 

B.  Error Analysis for Ricean fading Channel       
 
The MGF of y is given by [16] 
௬ሺβሻܯ  ൌ ଵା௡మሺଵା௡మሻିஒ௬ത exp ቀ ௡మஒ௬തሺଵା௡మሻିஒ௬തቁ             (19) 
 
Let ܭ ൌ  ݊ଶ ൅ 1 ൌ ܽ ൅ 1, where ݊ଶ ൌ ܽ is the Ricean factor. 
Then, ܯ௬ሺβሻ ൌ ௄௄ିஒ௬ത exp ቀሺ௄ିଵሻஒ௬ത௄ିஒ௬ത ቁ               (20) 
 
By substituting β ൌ ିଵସ௦௜௡మ׎ in the above equation, we obtain ܯ௬ ቀβ ൌ ିଵସ௦௜௡మ׎ቁ ൌ ௄௄ିቀ షభరೞ೔೙మ׎ቁ௬ത exp ቆሺ௄ିଵሻቀ షభరೞ೔೙మ׎ቁ௬ത௄ିቀ షభరೞ೔೙మ׎ቁ௬ത ቇ                                  ൌ ௦௜௡మ׎௦௜௡మ׎ା௖ exp ቀ ሺଵି௄ሻ௖௦௜௡మ׎ା௖ቁ            (21)                    
 
where   ܿ ൌ  ௬തସ௄ . By Eq.(12), the MGF of y can be written as  
௬ሺβሻܯ  ൌ ௦௜௡ర׎ሺ௦௜௡మ׎ା௖భሻሺ௦௜௡మ׎ା௖మሻ exp ቂቀ ሺଵି௄ሻ௖భ௦௜௡మ׎ା௖భቁ ൅ ቀ ሺଵି௄ሻ௖మ௦௜௡మ׎ା௖మቁቃ  
                                    (22) 

The conditional error probability is thus 
 ܲሺݏҧ ՜ ŝሻ ൌ ଵగ ׬ ௦௜௡ర׎ሺ௦௜௡మ׎ା௖భሻሺ௦௜௡మ׎ା௖మሻ exp ቂቀ ሺଵି௄ሻ௖భ௦௜௡మ׎ା௖భቁ ൅గ/ଶ଴ ቀ ሺଵି௄ሻ௖మ௦௜௡మ׎ା௖మቁቃ  (23)                                         ׎݀ 
 

By substituting ܿଵ ൌ ୷భതതതതସK , ܿଶ ൌ ୷మതതതതସK  and x ൌ cosଶ׎ , the 
above equation reduces to  

 ܲሺݏҧ ՜ ŝሻ ൌ ଵଶగ ׬ ሺଵି௫ሻభ.ఱሺ௫ሻ.ఱሺଵି௫ା ௖భሻ ሺଵି௫ା ௖మሻ exp ቂቀሺଵି௄ሻ௖భଵି௫ା௖భ ቁ ൅ଵ଴ ቀሺଵି௄ሻ௖మଵି௫ା௖మ ቁቃ  (24)                            ݔ݀ 
 

 This is the expression we get for ABER when fading is 
Ricean distributed.  

The bit error probability being a function of rotation angle 
θ, the ABER is required to be minimized with respect to θ for 
achieving better performance. When θ = 00 (without rotation), 
the PSK signal constellations are pair-wise symmetric with 
respect to the two axes and the performance of the system 
reduces to conventional BPSK.  

 

IV. NUMERICAL RESULTS 
Fig. 4 depicts the bit error rate versus SNR (dB) in 

Rayleigh fading channel for different values of rotation angle 
θ°. The upper curve is for conventional BPSK (un-rotated) 
scheme.  As the rotation angle increases from 0° to 45° the 
system performance improves that is, the BER decreases with 
the increase in SNR values.  At the BER of 10-3, the SNR gain 
improves by 7.0 dB for 150, 10 dB for 300 and 10.3 dB for 450.  
A further increase in the rotation angle beyond 450 lowers the 
performance index due to the symmetrical dependency of 
BER on rotation angle.  When the angle of rotation is 
increased beyond 450, the values of ݑ and ݒ in Eq. (13) are 
interchanged.  This gives identical values of ܲሺݏҧ ՜ ŝሻ for 
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complementary angles. The (*) marks on the curves for 150 
and 300 indicate the values obtained for 750 and 600, 
respectively.  The figure also reflects that at a typical SNR of 
24 dB, the BER is 9.5*10-4 for θ = 0°; 4.2*10-5 for θ =15° & 
75°; 1.47*10-5 for θ = 30° & 60°; and 1.11*10-5 for θ = 45°.  

 

 
Fig 4. Plot of average BER with SNR (dB) for rayleigh fading for both 

           conventional and rotated BPSK for different angles of rotation. 
 

 
Fig. 5. Variation of BER with rotation angle θ for fixed SNR (dB) in case 

of rayleigh fading channel. 
 

Fig 5 shows the variation of BER with rotation angle θ for 
SNR values of 10, 20 and 30 dB. The minimum value of BER 
is observed at θ = 45o for all the values of SNR. As the SNR 
increases, the BER decreases as expected. The study of BER 
performance for Ricean channel has also been undertaken; 
the comparison will be made in Fig. 8. 

 

         
Fig 6. Change of bit error rate on SNR (dB) for un-rotated BPSK (θ = 0°) for 

different values of ricean factor. 
 

The BER performance of un-rotated BPSK scheme for 
different values of Ricean factor ሺܽ ൌ  0, 1, 5, ܽ݊݀ 10ሻ  is 

depicted in Fig. 6. For a comparison, the plot for a = 0 
corresponds to the Rayleigh fading as shown in Fig. 4. At a 
given SNR value, the BER decreases as Ricean factor 
increases due to strong LOS component. At a typical BER of 
10-3, the Ricean BPSK is 1.5 dB, 11 dB, and 15 dB superior to 
Rayleigh fade-limited scheme for Ricean factors of ܽ ൌ 1, 5, 
and10 respectively. Further, at a fixed SNR of 25 dB, the 
BER for the Ricean factors of ܽ ൌ 0, 1, 5, and 10 are 7*10-4, 
5*10-4, 3*10-5 and 5*10-7 respectively. 

 

 
Fig. 7. Bit error rate versus SNR (dB) for un-rotated BPSK and rotated BPSK  
          for different values of Ricean factor at an angle of θ = 45°. 
 

BER results for non-zero rotation angle are shown in Fig. 7 
for θ = 450 where the bit error rate is lower than any other 
θ-values. Compared to the Rayleigh-faded BPSK with θ = 00 
and for the BER of 10-3,   the Ricean-faded BPSK SNR 
improves by 1.5 dB, 5 dB, and 6.5 dB for ܽ ൌ 1, 5, and 10, 
respectively. We also observe that at a fixed SNR, the error 
rate improves for higher Ricean factors.  

 
 

           Fig. 8. Variation of BER with rotation angle θ for fixed SNR = 10 dB. 
 

 
          Fig  9. Variation of BER with rotation angle θ for fixed SNR = 20 dB. 
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Fig 8 shows the variation of BER with rotation angle θ for 
a fixed SNR of 10 dB and with different values of Ricean 
factor (ܽ ൌ 0, 1, 5, and 10). In this case the minimum value of 
BER is observed at θ = 45o for all the values of Ricean factor. 
Similar calculations at an SNR of 20 dB as depicted in Fig. 9 
show the improved error performance.  

 

V. CONCLUSION 
In this paper, we have derived the expressions for bit error 

analysis using moment generating function for conventional 
and rotated PSK modulation schemes over Rayleigh and 
Ricean faded channels. We have studied the dependence of 
bit error rates on the modulation techniques, signal-to-noise 
ratio, fading parameters and the angle of rotation. As the SNR 
increases, the BER decreases as expected. Our critical 
analysis shows that the bit error rate attains a minimum for 
the rotation angle of 450 and improves at higher SNR for both 
the fading models. The symmetrical variation of BER versus 
rotation angle about 450 is observed and explained. It is also 
found that significant improvement in error probability 
occurs when the signal is enriched with strong LOS 
component.   
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