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Abstract—As the signals of GPS satellites are susceptible to 

obstructions in an urban environment with many tall buildings 
around, the number of visible satellites is usually less than four. 
In the circumstances, the normal positioning method can not be 
used for positioning calculation. In order to obtain continuous 
positioning results under three satellites, the series of receiver 
clock bias (RCB) is considered as one visible satellite in this 
paper. A combined model for predicting the RCB series based 
on the theory of time series analysis is presented firstly. And 
then the model is used to aid the normal positioning method for 
positioning calculation under the conditions of three satellites. 
From both static and dynamic experiments, it is shown that the 
prediction model is fit for predicting the RCB series, and the 
clock-aided positioning method aiding of the prediction model 
can implement the function of three-dimensional positioning 
calculation even if there are only three visible satellites. 
 

Index Terms—Urban environment, Positioning calculation, 
Receiver clock bias (RCB), Combined prediction model 
 

I. INTRODUCTION 
As a high-precision positioning technology, the Global 

Positioning System (GPS) plays an important role in our 
daily lives [1]. Normally, there must be at least four satellites 
in view so that the positioning results of the GPS receivers 
can be obtained [2,3]. However, in certain applications, for 
example in an urban environment with many tall buildings 
around, there are situations wherein the requirement of a 
minimum of four satellites is not satisfied because of the 
obstructions to receiver-to-satellite line of sights. In this case, 
the traditional method cannot be used for calculating the 
position of GPS receiver anymore. How to deal with this 
bad-conditioned problem so that the GPS receiver can 
provide continuous and reliable positioning information is 
the main theme of this paper.   

In order to obtain the continuous and reliable positioning 
information of GPS receivers under bad conditions, several 
methods have been presented. Jan solved the problem from 
three satellites and altimeter [4], Hong combined GPS 
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receiver with the Inertial navigation system [5]. Liu made use 
of the additional information provided by pseudolite [6]. If a 
road map database exists, the map-matching technique can 
also be utilized [7]. The common characters of these methods 
need external hardware. The above mentioned methods may 
be useful, but not efficient. In fact, the cost of them has great 
impact on their popularization.  

Actually, besides the position information, the clock bias 
between GPS receiver and GPS system is given when the 
function of positioning calculation is executed normally. The 
bias is called receiver clock bias and short for RCB in the 
paper. If the clock frequency keeps steady, a prediction 
model of the RCB series can be obtained by using a length of 
history data [8]. Hence, the RCB series can be regarded as 
one visible satellite, and the prediction model on it is then 
introduced into GPS receiver for positioning calculation 
under the conditions of only three satellites. Compared with 
other auxiliary methods, the clock-aided positioning method 
needs no external equipments. The advantages of the 
clock-aided positioning method are clear and obvious. 

There are many complicated factors which have an impact 
on the RCB series, including the atmosphere and ionosphere 
delays, the orbital errors of GPS satellites, etc. Under the 
influence of these factors, the RCB series can be considered 
to be nonlinear time series. Generally, prediction models for 
nonlinear time series can be grouped into two types, single 
models and combined models. Combined models integrate 
several single models to improve the prediction precision. 
Most combined models are decomposition based. They 
decompose the original time series into several isolated 
components firstly. And then they employ a single model to 
predict each of them, and lastly they integrate the results to 
gain the final prediction value. Because of the approximate of 
one-fold property of each component, their prediction will be 
improved [9]. A combined prediction model can capture 
many more of these properties than a single model, and thus 
might improve the prediction precision. 

Considered the nonlinear characters of the RCB series, a 
combined model for predicting it based on the theory of time 
series analysis is presented in the paper. The basic ideas and 
detailed steps of the combined prediction model are 
discussed respectively. Then the prediction model is 
introduced into GPS receiver for positioning calculation 
together with three visible satellites. Test results are 
investigated to demonstrate the feasibility and validity of the 
method in the end. 

II. DESIGN SCHEME OF RCB PREDICTION MODEL 
The combined prediction model for the RCB series on the 

basis of the theory of time series analysis includes three 
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phases. Firstly, the RCB series were decomposed into a     
low- frequency component (LFC) and several 
high-frequency components (HFCs) by wavelet transform. 
Then the LFC was predicted through polynomial model (PM), 
and the HFCs were predicted by using auto-regressive (AR) 
models. The predicted results were the superimposition of the 
respective prediction. Based on these procedures, Fig.1 
illustrates the flowchart of the combined prediction model. 

 
Fig.1   Flowchart of the combined prediction model. 

 

A. Wavelet Transform of RCB Series 
In the combined prediction model, the decomposition 

method used is wavelet transform for its simplicity. There are 
continuous wavelets transforms and discrete wavelet 
transforms. Since the RCB series are discrete, the discrete 
wavelet transform is adopted. The Mallat algorithm [10] 
based on multi-resolution representation is a fast discrete 
wavelet transform algorithm, and it has shown promising 
results in various areas [11,12]. On the basis of the characters 
of the Mallat algorithm, it is utilized to decompose the RCB 
series.  

Let ( ){ }( )= 1 ~C t t N  denote the original RCB series, the 

decomposition procedure can be described as follows. 

( )
0

1

1

, 0,1, , -1k k

k k

c C
c Hc k K
d Gc

+

+

=⎧
⎪ = =⎨
⎪ =⎩

                (1) 

In (1), 2K = log N denotes the maximal decomposition 
level. H  and G are the wavelet filters for decomposition in 
the time domain, that is to say, H  is the low-pass filter and 
G is the high-pass filter. kc and kd  are the LFC and HFC at 
the corresponding level, respectively. Through iteration, the 
RCB series could be decomposed into one LFC plus a set of 
HFCs [11]. The LFC represents the trend term, and the HFC 
is the stationary component with the zero mean. 

After the wavelet decomposition, the lengths of the LFC 
and HFCs are halved compared with the original series. So 
they have to be reconstructed by using (2). 

( )1 , = -1 , ,0k k kD H C G D k K∗ ∗
+ = +             (2) 

Where H ∗  and G∗ are the dual operators of H and G . By 
means of using (2), ( )k kc d can be reconstructed as ( )k kC D , 
whose lengths equal to the one of the RCB series. And they 
satisfy ( ) ( ) ( ) ( )1K KC t C t D t D t= + + + . 

B. The Prediction of LFC 
The LFC reveals the development trend of the RCB series 

with respect to time. Related experiments have demonstrated 
that when the clock frequency  of GPS receiver keeps stable, 

the RCB series can be modeled and fitted by a polynomial 
model [8]. Accordingly, the paper takes advantage of the 
polynomial model to distill the trend of the RCB series, and 
obtain the predicted series ( )KC t . 

C. The Prediction of HFC 

As discussed above, the HFCs ( ) ( )( )1 , KD t D t  obtained 

from the wavelet transform have the statistics characters, and 
can be regarded as stationary series. The AR model is the 
basic and important time series model, which is mostly used 
for modeling and predicting stationary time series. Hence, 
AR model is established for predicting the above HFCs. In 
this section, we take example for ( )1D t , and the modeling 

procedures of other HFCs ( ) ( )( )2 , KD t D t  are similar. For 

convenient for further research, ( )1D t  is short for ( )x t  in 
this section. The mathematical expression of AR model for 
predicting ( )x t  can be described as 

( ) ( ) ( )
1

p

k
k

x t x t k tφ μ
=

= − +∑                    (3) 

Where p  is the order of this model, and it can be determined 
by employing the AIC method. The parameters kφ can be 
calculated by using the Least-square method in (4). 
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On the basis of the above expressions, we can get the 
predicted results of ( )x t . 

( ) ( )
1
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k
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=

= −∑                            (6) 

D. Prediction of RCB Series 
This step is dedicated to calculate the predicted results of 

the RCB series. By means of combining the predicted results 
of all the components, we can obtain the underlying predicted 
results of the RCB series. 

( ) ( ) ( )k
1

K

K
k

C t C t D t
=

= +∑                     (7) 

III. GPS POSITIONING USING CLOCK-ADIED METHOD 

The GPS positioning method aiding of the RCB prediction 
model is given in this section. We begin with showing the 
normal positioning method of GPS receiver. Then the clock- 
aided positioning method under the conditions of three 
visible satellites is discussed particularly. 

A. Normal Positioning Method 
Suppose ip  denotes the pseudorange from GPS receiver 

at ( ), ,x y z  to GPS satellite at ( ), ,i i ix y z . After the modeled 
errors are properly compensated, the pseudorange between 
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them can be written as 

( ) ( ) ( )
1 22 2 2

i i i i ip x x y y z z c ω⎡ ⎤= − + − + − + +⎣ ⎦       (8) 

Where c  denotes the RCB value expressed in units of length, 
and iω  is the measurement error. In (8), , ,x y z and c are 
four parameters need to be estimated. 

During the course of positioning calculation, (8) should be 
linearized through Taylor’s series around the approximate 
coordinate ( ), ,x y z  and neglecting the higher order terms. 

Defining ip  as ip at the approximate coordinate, then we 
can obtain 

i i i xi yi zip p p a x a y a zΔ = − = Δ + Δ + Δ          (9) 
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         (10)           

Let M  represent to the number of visible satellites, then 
we can obtain the linear measurement equation in a compact 
matrix formulation as 

Y AX V= +                                  (11) 
In (11), the measurement vector Y , the measurement 

matrix A , and the four-dimensional estimated vector X  are 
defined by 
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Vector X  includes four parameters. It is clear that fewer 
than four satellites will not provide enough information for 
an acceptable position of GPS receiver. Unfortunately, for 
car navigation in an urban environment with many tall 
buildings around, it frequently occurs that there are only 
three visible satellites. In the circumstances, the normal 
positioning method cannot solve the four parameters.  

B. GPS Positioning Using Clock-Aided Method 
In order to solve the problem of GPS positioning under 

such bad conditions, the RCB prediction model is considered 
to be one visible satellite and used to complete the 
positioning process by expanding the linear measurement 
equation. 

When the clock-aided positioning method is adopted to 
calculate the position of GPS receiver, the predicted value of 
the RCB series ( )1C N +  is used to replace the actual one. 
When there are three visible satellites, the expended equation 
for positioning calculation can be expressed by the following 
equation 

Y AX V= +                                   (13) 

In (13), vector X  only includes three modified items to 
the approximate coordinate ( ), ,x y zΔ Δ Δ . The expanded 

measurement vector Y  and the expanded measurement 
matrix A  are described in (14). 
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From (11) and (13), it can be seen that the estimated 
parameters decrease from four to three after introducing the 
RCB prediction model. Accordingly, the clock-aided method 
can obtain the position of GPS receiver even if there are only 
three visible satellites. 

When the inverse of A  exists, the solution of X  and its 
modulus can be got from (15). 
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           (15) 

Once the modulus is obtained, it will be used to compare 
with a threshold to judge whether the process of positioning 
calculation is achieved or not. If it is larger than the threshold, 
the approximate coordinate should be modified according to 
the underlying expressions. 

1 , , ,x y zς ς ς ς= + Δ =                  (16) 
After obtaining the modified position, we consider it as the 

new approximate position and make use of it to perform the 
function of positioning calculation through iteration. Until 
the modulus of the estimated vector is lower than the given 
threshold, the uninterrupted positioning results can be  fixed 
from three satellites. 

Based on the above mentioned procedures, Fig.2 depicts 
the flowchart of the GPS positioning using the clock-aided 
method. 

 

Fig.2   Flowchart of GPS positioning using clock-aided method. 

IV. EXPERIMENTAL RESULTS AND DISCUSSIONS 
In this section, we investigate the positioning performance 

of the presented method in predicting RCB series and fixing 
the position of GPS receiver by some experiments. In these 
experiments, the static and dynamic tests with GPS receiver 
are discussed respectively. The original data were obtained 
from an OEM board with sampling frequency 1Hz, and there 
were four visible satellites. Furthermore, the positioning 
results brought out by the normal positioning method are 
considered as the correct ones.  

In an urban environment with many tall buildings around, 
the situations wherein only three visible satellites only last 
for a few seconds. Accordingly, the method introduced in the 
paper can predict the subsequent values of RCB series by 
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using the historical data firstly, and then the predicted values 
are introduced into GPS receiver to perform the function of 
positioning calculation with three visible satellites.   

A. Static Experiment Performance of the Method 
This section analyzes the performance of the presented 

method under static experiment. In this part, GPS receiver 
kept stationary, and it lasted for 120s. Firstly, the four 
estimated parameters of GPS receiver were calculated by the 
normal positioning method. Secondly, the numbers of visible 
satellites decreased from four to three between 91s and 120s. 
In this case, the 90 historical data in the RCB series were 
adopted to build the prediction model, and then the 30 
subsequent predicted values were obtained through the 
model. After obtaining the predicted values, the positioning 
information by using the clock-aided method is given. 
1) Prediction Results of RCB series 

By using the combined prediction model, Fig.3 illustrates 
the predicted errors of the RCB series. It is observed that the 
maximal value among the predicted errors is less than 8 
meters. In addition, the predicted errors cannot increase with 
the increment of prediction interval on the whole. That is to 
say, the combined prediction model in the paper is suitable 
for predicting the RCB series. 

In fact, the combined prediction model presented in the 
paper decomposes the RCB series into several components 
including a LFC and several HFCs firstly. Based on the 
particular characteristic of different components, the PM and 
AR models are established in them respectively. Finally, the 
predicted values from the above single models are integrated 
together for obtaining the final predicted values of the RCB 
series. The combined prediction model can capture the 
characteristics and advantages of these single models, and 
thus may improve the prediction precision. 
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Fig.3  The predicted errors of the RCB series. 

2) Positioning Performance of the Clock-aided Method 

After the predicted values of the RCB series are obtained, 
they are used for calculating the position of GPS receiver 
through the clock-aided method in the paper. The three- 
dimensional positioning errors (ErrX, ErrY and ErrZ) of GPS 
receiver are illustrated in Fig.4. It is seen from Fig.4 that the 
positioning errors in three dimensions are less than 10 meters. 
That is to say, the clock-aided positioning method can not 
only improve the continuity and reliability of GPS 
positioning, but also can implement the function of three- 
dimensional positioning calculation under the conditions of 
only three visible satellites. 
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Fig.4  The three-dimensional positioning errors. 

When the condition of the normal positioning method can 
not be satisfied, the clock-aided  positioning methodology 
presented in the paper can obtain the positioning results by 
considering the predicted RCB values as one visible satellite. 
Consequently, the positioning performance of GPS receiver 
is related with the prediction precision of the RCB series. In 
order to analyze the relations between them, Fig.5 illustrates 
the absolute predicted errors of the RCB series together with 
the positioning errors of GPS receiver. It is shown that the 
more accurate the predicted values of the RCB series, the 
smaller the positioning errors of GPS receiver. 
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Fig.5  The predicted errors and positioning errors. 

The reason of this phenomenon is that the clock-aided 
positioning method takes advantage of the predicted RCB 
value to calculate the expended measurement vector, and 
then the expended measurement vector is utilized for the 
positioning calculation. In the above process, the prediction 
precision of the RCB value plays an important part in the 
precision of the expended measurement vector, and then 
influences the positioning performance of GPS receiver as a 
result. When the prediction error of  the predicted RCB value 
is smaller, the precision of the expended measurement vector 
is higher. In the circumstances, the positioning results of GPS 
receiver using the clock-aided method provided by these 
values are more accurate. 

B. Dynamic Experiment Performance of the Method 
A dynamic experiment is investigated to demonstrate the 

capability of the presented method. In the experiment, the 
GPS receiver moved along with a straight line and its speed 
was 5m/s. In order to assess the performance of the presented 
method under the conditions of the dynamic experiment, this 
section makes use of the 90 historical data of the RCB series 
to obtain the 30 subsequent predicted values in the RCB 
series. the predicted errors of the RCB series and the 
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positioning errors of GPS receiver are shown in Fig.6. From 
this figure, we can see that: 

(1) When the length of the situations with only three 
visible satellites is shorter than 30s, the predicted errors are 
less than 12 meters. Consequently, the whole positioning 
errors of GPS receiver are less than 18 meters and in the 
range of normal positioning precision. 

(2) Similar to the static experiment, the positioning 
precision accords with the prediction precision of the RCB 
series. The lower predicted errors of the RCB series mean 
that there are better positioning results of GPS receiver. 
Otherwise, the positioning precision becomes worse. The 
reason of this phenomenon is that the predicted error in the 
RCB series is the dominant error which will decrease the 
positioning precision after other errors have been properly 
modeled and compensated. 

(3) Compared with the static status, the prediction 
precision of the RCB series and the positioning precision of 
GPS receiver under the conditions of the dynamic status are 
lower than the corresponding ones. 
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Fig.6  Forecasting errors of receiver clock bias. 

From the experiments in this section, we can come to a 
conclusion that the combined prediction model in the paper is 
suitable for predicting the RCB series, and the clock-aided 
positioning method can provide uninterrupted and reliable 
positioning results which satisfy the precision requirement of 
GPS positioning in an urban environment. Additionally, the 
presented methodology does not need extra equipments, and 
it’s much more feasible and effective. Equipped with the 
clock-aided positioning method in the paper, the positioning 
continuity and reliability of GPS receiver can be ensured for 
a few seconds even if there are only three satellites. The 
research work in the paper paves the way for positioning 
calculation, and should be valuable in the project application 
for improving the positioning continuity and reliability of 
GPS receiver in an urban environment. 

V. CONCLUSION 
In the paper, the three-dimensional positioning problem of 

GPS receiver in an urban environment has been discussed. 
Based on the characters of the RCB series, the combined 
prediction model on the basis of the theory of time series 
analysis is established and the clock-aided positioning 
method is presented to implement the function of positioning 
calculation. Experimental results demonstrate the method 
presented in the paper can provide a reliable and continuous 
positioning result without extra equipments under the 
conditions of only three visible satellites. Furthermore, the 

prediction precision of the RCB series has important effect 
on the positioning performance of GPS receiver. How to 
improve the prediction model and how to evaluate the 
relations between the positioning precision and prediction 
precision quantitatively are two important issues worthy of 
further research. 
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