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Abstract—Different logic gates like MV, NOT, AOI, NNI etc
under QCA nanotechnology are introduced. NNI gate is highly
effective regarding space and speed consideration. In earlier
work, realizing symmetric functions in binary reversible logic is
studied. In that, 2-inputs and 2-outputs AND-NAND and
OR-NOR cells are designed. Ultimately a general equation for
the minimum number of gates required to an arbitrary number
of input variables causing synthesis of symmetric function is
achieved. In current work, I compare the heat dissipation due to
the garbage outputs for designing different combinational
digital circuits with the help of symmetric functions realized
circuits. It provides a significant reduction in hardware cost
and switching delay with respect to the other existing
techniques.
Index Terms—Majority Voter (MV) gate, And-Or-Inverter
(AOI) gate, Nand-Nor-Inverter (NNI) gate, 2-Inputs and
2-Outputs AND-NAND (A-NA) gate, 2-Inputs and 2-Outputs
OR-NOR (O-NO) gate, Symmetric Function, Adder circuit.

I. INTRODUCTION
Reversible Quantum Computers (QCs) has drawn the
attention of researchers recently as such computers result
improvement in speed, reducing cost and space etc [1]-[6],
[11]-[18]. Reversible gates and circuits are the main
components of Quantum Computer. Reversible circuits or
gates have the same number of inputs and outputs, also have
one-to-one mappings between vectors of inputs and outputs;
thus the vector of the input states can be uniquely
reconstructed from the vector of the output states. A
symmetric function [11]-[18] means a Boolean function
invariant to the permutation of any of its input variables. Also
every Boolean function can be made symmetric by repeating
its input variables. The application of symmetric function is
in enormous field of the processor (IC) design and in higher
mathematics problem solving. Any sort of Boolean functions
can be simplified by symmetric functions.
In practical problems like design of complex circuitry,
complex control systems with different parameters or
variables, solving more variables consisting of functions etc
may be done by proper application of symmetric function.
Fredkin Gate (FG) is a fundamental concept in reversible
and quantum computing, the base of “realization-related”
papers. It has been introduced by Ed Fredkin and Tomasso
Toffoli in 1982 [12], [13], [16]-[18].
(i) Every Boolean function can be build from (binary)
Fredkin Gates (FGs), such that it has three inputs A, B and C
and three outputs P, Q and R like
P=A

Q = if A then C else B
R = if A then B else C
(ii) Feyman Gates is “Controlled NOT” or “quantum
XOR”, such gates have two inputs A and B and two outputs P
and Q, they are called linear likewise
P=A
Q = A EXOR B
In earlier work [16], [18], I studied the synthesis of
symmetric Boolean functions using a simple recursive
arrangement of 2-inputs, 2-outputs AND-NAND (A-NA)
and OR-NOR (O-NO) logic gates realized with QCA
(Quantum Dot Cellular Automata) technology. It eliminates
the use of NOT or inverter gate which is more costly and
spacious as well as introduced delay in realizing the
symmetric function. By this approach, the symmetric
functions are synthesized for an arbitrary number of input
variables. A general equation for estimating the number of
gates (AND-NAND, OR-NOR etc) required for symmetric
function realization [16] is obtained. Further, the proposed
technique is applicable for any symmetric functions either
unate or non unate functions results a logic design with less
hardware cost which drastically reduces the "garbage"
compared to the other existing techniques. Here I propose
comparison of the heat dissipation due to the garbage outputs
which rise for designing combinational circuits e.g. adder
circuit etc with the help of symmetric functions realization
circuit. Moreover it is observed that adder combinational
circuits are obtained from symmetric functions realized
circuits, further any combinational digital circuits can be
synthesized from these adder circuits easily.
In unate symmetric functions, all variables or literals are
either non complemented form, called unate positive or
complemented form, called unate negative function.
e. g. X1X2 + X2X3 + X3X1
Unate positive function
X1' + X2' + X3'
Unate negative function
In non unate symmetric function, the variables are
complemented or non complemented form i.e. imposing no
restriction of the variable form,
e. g. X1' X2'X3 + X1X2'X3' + X1'X2X3'
II. QUANTUM DOT CELLULAR AUTOMATA
QCA (Quantum-dot Cellular Automata) [1]-[18] devices
encode and process binary information as charged arrays of
charge coupled quantum dots. A quantum cell can be viewed
as a set of four charge containers or dots positioned at the
corners of a square, as shown in Fig. 1. It contains two extra
mobile electrons. The electrons can quantum mechanically
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tunnel between dots but can not come out from the cell and
are forced to settle at the corner positions due to coulomb
interaction. Thus, there exists two equivalent energetically
minimal arrangements for the electrons in a QCA cell (Fig. 1),
i.e. the polarization P = +1 (representing logic 1) and P = –1
(representing logic 0).
In Fig. 1, a QCA cell and its binary logic are shown, the
energetically position of the diagonal electrons identifies the
binary logic 0 or 1. This phenomenon is useful in nano
technology which affects high resolution fast electronic
circuits. In this power consumption for changing the charge
of electron is very much less compare to that of general
charge carriers (hole-electron) electronic components.

Fig. 3. Implementation of NOT with QCA Gate.

Fig. 4. QCA Majority Voter (MV) Gate

Fig. 1. A QCA cell and its binary logic

Fig. 2. Information propagating through QCA wires.

A QCA Cell with its binary logic creates a new direction in
nano technology [1]-[9]. It requires minimum current or
energy to change any state i.e. previous state. Thus, a
minimum recurring cost is effective in this QCA gates which
is highly applicable in super fast processors. Also complex
circuitry are afforded with the minimum number of QCA
gates, thus space-cost-speed-accuracy efficiency are
achieved. Special type of QCA gates called AND-NAND
(A-NA), OR-NOR (O-NO) etc are designed, by which the
symmetric functions are realized. Later on these symmetric
function realization circuits yield different type of
combinational digital circuits including basic building block
circuit i.e. adder circuit for an arbitrary number of input
variables.

The basic QCA logic elements [1]-[8] include a QCA
wires are shown in Fig. 2, QCA inverter or NOT gate in Fig.
3. This is a special type of QCA NOT gate in Fig. 3, which is
designed on the basis of nano technology principle. Majority
Voter (MV) or Majority Gate (Maj) is shown in Fig. 4. In
diagonal (also called 450) wire, as shown in Fig. 2, binary
signal alternates polarization in successive cells. The QCA
Majority Voter (MV) realizes MV(A, B, C) = Maj(A, B, C) =
AB+BC+CA, as in Fig. 4, outputs ‘1’ if there are two or more
1s in an input pattern. The classical AND and OR gates can
be realized with the majority gate by fixing an input as 0 and
1 respectively. The majority gate is not a universal gate. It
can not realize the logical NOT operation. The functionally
complete set is {MV, NOT}. Therefore, the designers have to
use separate QCA cell arrangement for realization of the
logical NOT. The 5-input (A, B, C, D and E)
And-Or-Inverter (AOI) gate [7] proposed the universal gate
function. AOI suffers from the limitation of proper separation
of input and output binary wires i.e. distances d1, d2 and d3,
shown in Fig. 5.

Fig. 5. QCA And-Or-Inverter (AOI) Gate.

And-Or-Inverter is a very typical gate which is rarely used
in practical purposes. Another drawback of A-O-I gate is that
it requires more space compare to other QCA gates, also the
A-O-I gates are more complex nature comparing to that of
MV or NOT gates.
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Each totally symmetric functions, Sn(A) = Sn(A1) + Sn(A2)
+…………+ Sn(Am), where m is minimum, ∀ i, j, l ≤ i, j ≤ m,
Ai ∩ Aj = ∅ (null), and i ≠ j. Thus, a symmetric function may
be broken in lower order consecutive symmetric functions
keeping all condition same.
IV.

Fig. 6. Various logic functions realized with AOI Gate

Fig. 7. QCA Nand-Nor-Inverter (NNI) Gate

Thus to implement MV with NOT functions, a new gate
called Nand-Nor-Inverter (NNI) [1]-[10] is constructed,
where NNI(A, B, C) = MV(A', B, C') = A'B+BC'+C'A'. It is
shown in Fig. 7. The NNI gate is a universal gate and can be
employed for realizing versatile Boolean logic functions
[16]-[18]. It proves to be as effective as the AOI
(And-Or-Inverter) gate and requires lesser overhead, for
setting the variables, than that of an AOI, while realizing the
basic logic gates. Recent developments in manufacturing
QCA gates involve molecular assembly of QCA devices to
supersede metal based implementations.

METHODOLOGY AND IMPLEMENTATION

I discuss the proposed method of symmetric function
synthesis and its implementation [16]-[18] in this section.
Two type of gates e.g. AND-NAND (A-NA) and OR-NOR
(O-NO) gates are used. The output of an AND-NAND gate is
AND and NAND functions of the inputs. Similarly, the
output of an OR-NOR gate is OR and NOR functions of the
inputs. The gate is having two inputs and two outputs. These
two gates are the simplest gates of QCA cells under nano
technology. Thus the use of NOT or inverter gate is
eliminated which takes more area, costlier, time and delay
consuming.
In the synthesis of symmetric functions [16], [18] I get all
the combinations of symmetric functions for a particular set
of input variables including unate positive and unate negative
symmetric functions. This becomes a generalized solution for
the symmetric functions realization for any number of input
variables. Further adder circuits are derived from these
symmetric functions synthesis, ultimately it uses for
construction of any combinational digital circuits.
A. Method of Synthesis Symmetric Function
First of all, I take 2-inputs and 2-outputs AND-NAND,
OR-NOR gates as shown in Fig. 8.

III. SYNTHESIS OF SYMMETRIC FUNCTION
The symmetric functions are paying attention to the
researchers in the field of VLSI and nanotechnology design,
especially for logic synthesis. A number of synthesis
technique for Boolean symmetric functions are reported
[12]-[18]. I represent a simple cost effective synthesis with
QCA gates for future generation digital design.
A. Symmetric Function
A switching function f(x1,x2,…………,xn) is called totally
symmetric with respect to the variables x1, x2, x3,……….,xn,
[11]-[18], if it is invariant under any permutation of the
variables. Total symmetry can be specified by a set of
integers (called a numbers) A = (ai,…..,aj,………,ak) where A ⊂
(0,1,2,….,n); all the vertices with weight w∈A will appear as
true minterms in the function.
A n-variable symmetric function is denoted as
Sn(ai,…..,aj,………,ak). A symmetric function is called
consecutive, if the set A consists of only consecutive integers
(al, al+1,………,ar). It is expressed as Sn(al - ar) where l<r.
For n variables, there can be (2n+1 – 2) different
symmetric functions (excluding constant functions 0 and 1).

Fig. 8. 2-inputs and 2-outputs AND-NAND Gate,
2-inputs and 2-outputs OR-NOR Gate Circuits.

Here, AND-NAND gate and OR-NOR gate are two type of
QCA gates which are designed on nano technology process.
It requires less overhead area and at the same time ensures
best efficiency in speed.
B. 2-Inputs Symmetric Function Synthesis
For 2-input variables, I take one AND(A)-NAND(NA)
gate and two OR(O)-NOR(NO) gates to get all the symmetric
functions composed by two variables. The number of
symmetric functions consists of two variables as per (2n+1 – 2)
formula are 6 followings:
i) AB = u1 = S2(2) = Carry
ii) A'+B' = u2 = S2(0,1)
iii) A+B = u3 = S2(1,2)
iv) A'B' = u4 = S2(0)
v) AB+A'B' = u5 = S2(0,2)
vi) AB'+A'B = u6 = S2(1) = Sum
The
realization
of
symmetric
functions
by
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of the circuit regarding power consumption and speed is the
maximum.

AND(A)-NAND(NA) and OR(O)-NOR(NO) gates is shown
in Fig. 9. These QCA based gates are taking minimum space
area as well as minimum power consumed to formulate any
type of symmetric outputs. Therefore, these symmetric
functions realization integrated circuits may be manufactured
at a minimum cost surprising all other type of invented ICs,
especially when it is manufactured at large scale. This type of
symmetric functions synthesis may be implemented in all
other complex circuit designing also.

Fig. 10. Symmetric functions circuit diagram for 3-Input variables.
Fig. 9. Symmetric functions circuit diagram for 2-Input variables.

For two input variables, total three gates are required, one
AND-NAND gate and two OR-NOR gates and no output
from any gate is garbage output i.e. not belonging to the
symmetric functions. Therefore, this construction of 2-input
symmetric functions is the simplest form and ensures fastest
operation. Since this circuit is not having any extra output i.e.
garbage output, it ultimately curtails the cost of this 2-input
symmetric function IC design. For 2-binary input variables
adder circuit designed as above by symmetric functions
synthesis, to get sum at u6 i.e. S2(1) and carry at u1 i.e. S2(2).
C. 3-Inputs Symmetric Function Synthesis
For 3-input variables, additional 8 gates are required to get
all the symmetric functions (14 numbers). So, total 11
number of gates are necessary if starting from 2-input
variables. The numbers of symmetric functions consisting of
three input variables are followings.
i) ABC = u7 = S3(3)
ii) A'+B'+C' = u8 = S3(0,1,2)
iii) A+B+C = u9 = S3(1,2,3)
iv) A'B'C' = u10 = S3(0)
v) ABC+A'B'C' = u11 = S3(0,3)
vi) A'B+AB'+A'C+AC'+B'C+BC' = u12 = S3(1,2)
vii) AB+BC+CA = u13 = S3(2,3) = Carry
viii) A'B'+B'C'+C'A' = u14 = S3(0,1)
ix) A'B'+B'C'+C'A'+ABC = u15 = S3(0,1,3)
x) A'BC+AB'C+ABC' = u16 = S3(2)
xi) AB+BC+CA+A'B'C' = u17 = S3(0,2,3)
xii) AB'C'+A'BC'+A'B'C = u18 = S3(1)
xiii) AB'C'+A'BC'+A'B'C+ABC = u19 = S3(1,3) = Sum
xiv) A'BC+ABC'+AB'C+A'B'C' = u20 = S3(0,2)
In Fig. 10, total 2 numbers of AND-NAND gates and 6
numbers of OR-NOR gates are required for construction of
all the symmetric functions (14 numbers) by 3-input
variables and hence total 8 gates are required. Two outputs
from the AND-NAND gate are garbage outputs i.e. not a
symmetric function. Out of 2-garbage outputs, one output is
not associated to act as further input. So, one output is
completely garbage output. The other garbage output is
feeding as input to next stage OR-NOR gate. The efficiency

Full adder circuit by employing two half adder circuits is
constructed. In the proposed technique, I use AND-NAND &
OR-NOR QCA gates only [12], [16]-[18]. Here Full adder
Boolean functions for sum and carry are at u19 i.e. S3(1,3)
and at u13 i.e. S3(2,3) respectively. Therefore the adder
circuit outputs are derived from this 3-input symmetric
function synthesis circuit.
It requires total eight QCA gates, out of which two number
AND-NAND gates and six number OR-NOR gates are used
as shown in Fig. 10. In this case, the garbage outputs are one
in number.
D. 4-Inputs Symmetric Function Synthesis
Similarly, I realize the symmetric functions for 4-input
variables. Total numbers of symmetric functions for 4 input
variables (30) are shown below:
i) A+B+C+D = u21 = S4(1,2,3,4)
ii)A'B'C'D' = u22 = S4(0)
iii) ABCD = u23 = S4(4)
iv) A'+B'+C'+D' = u24 = S4(0,1,2,3)
v) ABCD+A'B'C'D' = u25 = S4(0,4)
vi) A'B+AB'+B'C+BC'+A'C+AC'+A'D+AD'+B'D+BD'+
C'D+ CD' = u26 = S4(1,2,3)
vii) ABC+ABD+BCD+ACD = u27 = S4(3,4) = Carry
viii) A'B'+B'C'+C'A'+A'D'+B'D'+C'D' = u28 = S4(0,1,2)
ix) A'B'C'+A'B'D'+A'C'D'+B'C'D'= u29 = S4(0,1)
x) AB+BC+CA+AD+BD+CD= u30 = S4(2,3,4)
xi) A'B'+B'C'+C'A'+A'D'+B'D'+C'D'+ABCD = u31 =
S4(0,1,2,4)
xii) A'BCD+AB'CD+ABC'D+ABCD' = u32 = S4(3)
xiii) ABC'D'+A'BCD'+A'BC'D+AB'CD'+AB'C'D+
A'B'CD = u33 = S4(2)
xiv) ABC+ABD+ACD+BCD+A'B'C'+B'C'D'+A'C'D'+
A'B'D' = u34 = S4(0,3,4,1)
xv) ABC+ABD+BCD+ACD+A'B'C'D' = u35 = S4(0,3,4)
xvi) AB'C'+AC'D'+A'B'D+A'C'D+A'CD'+BC'D'+AB'D'+
A'B'C+B'C'D+B'CD'+A'BD'+A'BC' = u36 = S4(1,2)
xvii) AB+BC+CA+AD+BD+CD+A'B'C'D' = u37 =
S4(0,2,3,4)
xviii) AB'C'D'+A'BC'D'+A'B'CD'+A'B'C'D = u38 = S4(1)
xix) A'B'C'+A'B'D'+A'C'D'+B'C'D'+ABCD = u39 =
S4(0,1,4)
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xx) A'BC+A'CD+A'BD+AB'C+B'CD+AB'D+ABC'+BC'D
+
AC'D+ABD'+BCD'+ACD' = u40 = S4(2,3)
xxi) A'BCD+AB'CD+ABC'D+ABCD'+A'B'C'D' = u41 =
S4(0,3)
xxii) AB'C'+AC'D'+A'B'D+A'C'D+A'CD'+BC'D'+AB'D'+
A'B'C+B'C'D+B'CD'+A'BD'+A'BC'+ABCD = u42 =
S4(1,2,4)
xxiii) ABC'D'+A'BCD'+A'BC'D+AB'CD'+AB'C'D+
A'B'CD + A'B'C'D' = u43 = S4(0,2)
xxiv) ABC+ABD+BCD+ACD+AB'C'D'+A'BC'D'+A'B'C
D'+ A'B'C'D = u44 = S4(1,3,4)
xxv) A'BC+A'CD+A'BD+AB'C+B'CD+AB'D+ABC'+BC'D
+ AC'D+ABD'+BCD'+ACD'+A'B'C'D' = u45 = S4(0,2,3)
xxvi) AB'C'D'+A'BC'D'+A'B'CD'+A'B'C'D+ABCD = u46
=
S4(1,4)
xxvii) ABC'D'+A'BCD'+A'BC'D+AB'CD'+AB'C'D+
A'B'CD + ABCD = u47 = S4(2,4)
xxviii) A'B'C'+A'B'D'+A'C'D'+B'C'D'+A'BCD+AB'CD+
ABC'D+ABCD' = u48 = S4(0,1,3)
xxix) ABC'D'+A'BCD'+A'BC'D+AB'CD'+AB'C'D+A'B'C
D+ ABCD+A'B'C'D' = u49 = S4(0,2,4)
xxx) A'BCD+AB'CD+ABC'D+ABCD'+A'B'C'D+A'B'CD'+
A'BC'D'+AB'C'D' = u50 = S4(1,3) = Sum
I require total 17 gates, out of which total AND-NAND
gates are 3 numbers and OR-NOR gates are 14 numbers for 4
input variables. Fig. 11 shows the circuit diagram of the
realized symmetric functions by taking 4-input variables and
Table-I indicates comparison of all the parameters of
symmetric functions realization in a nutshell. Total numbers
of gates are required for two variables are 3, for three
variables are 8, for four variables 17 etc. For adding 4-inputs
binary variable, the sum is obtained as u50 or S4(1,3) and the
carry is obtained as u27 or S4(3,4) from symmetric function
synthesis. Garbage output is two numbers. Generally sum of
the adder circuit is appearing at output of the last gate.
I design full adder circuit for an arbitrary number of binary
(digital) inputs from symmetric functions realized circuit;
accordingly the sum and the carry are obtained as output.
Therefore, a general equation for addition of any number of
binary (digital) inputs i.e. full adder circuit design regarding
the number of gates required is formulated and the garbage
outputs are calculated. Total comparison regarding all
parameters and attributes for adder circuit design from
symmetric functions realization circuit for an arbitrary
number of inputs are explained in Table-I.
Likewise multiplexer, demultiplexer, encoder (Decimal to
Octal, Binary to Hexadecimal etc), decoder, code converter
(BCD to Gray, Gray to ASCII etc) and different logic
combination functions can be well realized by this adder
circuit only.
V. GENERAL EQUATION FOR SYNTHESIS OF SYMMETRIC
FUNCTIONS BY AND-NAND, OR-NOR QCA GATES
A general equation for total number of gates requiring [16],
[18] is developed. For n number of input variables, we have
(2n+1 – 2) numbers of symmetric functions, that requires total
(2n + n – 3) number of gates. Similarly, for 5 input variables,
to realize all the 62 numbers symmetric functions, at least 34

numbers of total gates are required, accordingly
AND-NAND, OR-NOR gates are distributed.
Therefore, maximum optimization is done to have all the
symmetric functions for an arbitrary number of input
variables (say n variables) by AND-NAND and OR-NOR
gates on QCA based design principle. I achieve a general
equation for requiring the total number of gates (like
AND-NAND, OR-NOR gates) to n-number of input
variables as (2n + n – 3) number of gates. This equation is
explained and modified as below:
If X is the total number of gates requiring for n number of
input variables comprising with (2n+1−2) number of
symmetric functions,
n
X = (2 + n − 3)
or,
Total No of n-variable Symmetric Fuction
2
+ (n-2)
X =

or,
Total No of n-variable Symmetric Fuction
2
+ (Number of garbage output)
Here, (n – 2) is the garbage output. The garbage output is
neither a symmetric function nor fed as further input to the
gates. Thus, the garbage output can not be used further.
Symmetric functions realized for 2 input variables, garbage
output is 0; for 3 inputs, garbage output 1; for 4 inputs
garbage outputs 2; for 5 inputs garbage outputs 3 etc, so
garbage outputs are in AP series, which is clearly indicated in
Table-I.
Again, X = 2n + n − 3 = (n − 1) + (2n − 2)
or, X = Number of AND-NAND gates +
Number of OR-NOR gates
I require at least total (n − 1) number of AND-NAND
gates and total (2n − 2) number of OR-NOR gates to have all
the symmetric functions realized by n-input variables. The
detailed comparison of the parameters for symmetric
function synthesis is shown in Table-I. These symmetric
functions yield adder circuit functions in addition to all other
different kind of Boolean functions i.e. digital combinational
circuits.
X =

VI. SYMMETRIC FUNCTIONS SYNTHESIS COMPARED BY
AND-OR-INVERTER (AOI) WITH AND-NAND, OR-NOR QCA
GATES SPECIFYING HEAT DISSIPATION DUE TO GARBAGE
OUTPUTS
One AND-NAND gate or one OR-NOR gate is
constructed by two AND-Or-Inverter (A-O-I) gates.
Therefore, the garbage outputs obtained from the
implementation of symmetric functions by using A-O-I gates
are double number of the garbage outputs derived from
AND-NAND or OR-NOR gates. Thus the heat dissipation
due to the garbage outputs using AOI gate is also double that
of using AND-NAND and OR-NOR gates based on QCA
technology. Nanotechnology supersedes the limitations of
CMOS at the end of the roadmap. One of the hurdles in the
development of super fast computing system is energy
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dissipation. In reversible computing, the relation between
energy dissipation and computing at logic level [17] is
calculated. Reversible computation is established at logic
level by a one to one onto mapping between the input and the
output states of a circuit. It is proved by Landauer that the
lower bound of heat dissipation for every bit of information
lost in computing or for the each garbage output which is not
fed as further input is KTln2 Joules, where K is Boltzmann’s
constant and T is the temperature in 0Kelvin. Moreover, heat
dissipation can be avoided if computation is carried out with
no loss of information or without any garbage output. Due to
the bijective property, reversible logic gates are information
lossless i.e. the information at the output of a reversible
circuit is maximized.
Thus, the amount of heat dissipation by the garbage output
for realization of the symmetric functions for an arbitrary
number of input variables are computed according to the
equation KTln2 Joules dissipating for one garbage output. It
is clearly described in Table-I. Therefore in all other
combinational digital circuits, designed from adder circuit,
heat dissipation can also be computed. .
VII.
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Fig. 11. Symmetric functions circuit diagram for 4-Input variables.
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TABLE - ICOMPARISON OF SYMMETRIC FUNCTIONS & COMBINATIONAL DIGITAL CIRCUITS REALIZED BY ARBITRARY NUMBER OF INPUT VARIABLES
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