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Angular Accuracy of ML, MUSIC,
ROOT-MUSIC and spatially smoothed version
of MUSIC algorithms

M. Jalali, B. Honarvar Shakibaei, Department of Electrical Engineering, IAU, Urmia , Iran

Abstract-This article first discusses the simulation of ML,
MUSIC, ROOT-MIUSIC and spatially Smoothed base MUSIC
and then compares the algorithms based on their estimation of
the accuracy level angels from two different sources, having
demonstrated the result of simulation of the four algorithms in
comparison tables, it is observed that ROOT-MUSIC
algorithm have high level of accuracy in estimation and
recognition of close angles. MUSIC algorithm and Spatially
Smoothed version of MUSIC algorithm come next.

Index Terms—DOA, ML, MUSIC, Root MUSIC, Spatially
Smoothed algorithms.

I. INTRODUCTION

Several algorithms have been introduced and used to
estimate Direction Of Arrival (DOA) and the most basic
ones are Capon Maximum Likelihood (ML)[1] and MUSIC
algorithm introduced by Dr. Schmitt[2]. The numerous
researches done in this field have improved MUSIC
algorithm which led to the ROOT-MUSIC and Spatially
Smoothed version of MUSIC [4]. ROOT-MUSIC algorithm
creates polynomials and determines its root and estimates
the angles and solves the deficiency of MUSIC algorithm to
detect in spaces related to estimation parameters. The three
algorithms i.e. ML, MUSIC and ROOT-MUSIC are
efficient only when the signals are non-coherent, and will
not be efficient if the arrival signals are coherent. Spatially
Smoothed version of MUSIC improves and modifies pre-
processing covariance matrix by dividing arrays to sub
arrays and presents a good performance the presence of
coherent signals.

In the present study, in addition to the presence of the
capon's ML algorithm, MUSIC, ROOT-MUSIC and
Spatially Smoothed version of MUSIC in the second section,
the relations and the equations used for both methods are
given.

In the third section, considering the findings of the other
articles and the simulations done in the present research, the
number of sensors, the snapshots needed to be taken from a
signals, the ratio of signals to noise ratio (SNR) and
appropriative distance between array elements and based on
that, in the rest of this section, the estimation of the arrival
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angles for four algorithms in the presence of two sources i.e.
28 " and 30 has been carried out [9]. For evaluation of the
accuracy level of the angles of the simulation of the four
algorithms by calculating average of the estimated angles,
deviation from the mean, variance of the angles and the
number of successful experiments are presented. In the
fourth section, called conclusion, the best way for estimation
and clarify of the angles based on the accuracy level is
introduced.

IL.

A. Capon's ML Algorithm

This method is one of the simplest techniques foe DOA
estimation. Figure 1 shows the classical narrowband
beamformer structure, where the output signal y(k) is given
by a linearly weighted sum of the sensor element outputs.
That is

DIRECTION —OF- ARRIVAL ESTIMATION ALGORITHMS

y(k) = whu(k) M
The total output power of the conventional can be
expressed as

Peps = E[ly()I?] = E[lw"u(k)I?] =

wiE[u(R)uf ()]w = wiR,,w )
Where R,,,, is the autocorrelation matrix of the array input
data. Consider a signal s(k) impinging on the array at the
angle an ¢,. The power at the beamformer output can be
expressed as:

Peos () = LW u()I?] = E [|w (a(g)s(k) +n(k))[*] =
(Iwa(¢e)? (02 + o)) 3)

Where a(¢,) is the steering vector associated with the DOA
angle ¢, n(k) is the noise vector at the array input, and
02 = E[s?(k)] and 62 = E[n?(k)] are the signal
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Figure 1. Illustration of the classical beamforming structure

Power and noise power, respectively. It is clearly seen
from (3) that the output power is maximized when w =
a(¢y).this is because w = a(¢,) aligns the phases of the
signal components arriving from ¢, at the sensors, causing
them to add constructively. The output power at the classical
beamformer as a function of the Angle-Of-Arrival is given

by
Pcbf((p) = WHRuuW = aH(¢)Ruua(¢) 4)

Capon's ML method uses some (not all ) of the degrees
of freedom to form a beam in the desired look direction
while simultaneously using the remaining degrees of
freedom to form nulls in the direction of interfering signals.
This technique minimizes the contribution of the undesired
interferences by minimizing the output power while
maintaining the gain along the look direction to be constant,
usually unity. That is,

min E[|y(k)|?] = min w¥R,,w
w w

Subjectto wH a(¢y) =1 5)
Using Lagrange multiplier, the weight vector that solves
(5) can be shown to be

= Ruwa(®)
a™ (@)Rya()
(6)
The output power of the array as a function of the Angle-
Of-Arrival, using Capon's method, is given by Capon'
spatial spectrum,

1

Peapon(®) = i) Rezal®)

(7)
By computing and plotting Capon's spectrum over the whole
range of ¢, the DOA's can be estimated by locating the

peaks in the spectrum.

B. MUSIC Algorithm

The MUSIC algorithm that presented first time by
Schmidt [3] has been used more in recent years. MUSIC
algorithm can only be used to estimate incoherent signal
sources. For coherent signals, the performance of MUSIC
will be degraded and it is not an efficient tool. Recent
studies shows MUSIC can approximately provide a solution
of multipath fading; also multipath fading causes similar

receiving signals in chip length in some systems like CDMA.

a(f,,) is the array response (or steering) vector,

corresponding to the DOA of the m” signal, and is defined
as:

d T
a(b,,) = [exp (—j(n —1)2n (I) sin( Gm)>] ,
1<n<N ®)
Where  is the transpose operator, and A is the wavelength
of the incident signals. The combination of all possible
steering vectors forms the array manifold matrix A.

The MUSIC algorithm starts by applying temporal
averaging over K snapshots (or samples) taken from the
leads to forming a spatial correlation (or covariance) matrix
R defined as:

K
R= %Z x(£)xH(t)
©)

Where  denotes the Hermitian operator. Substituting x(t)
from (8) into (9) results in:

K
R= %Z A@)s(®)s" (DA (0) + n(O)nH (¢)
i (10)

R = ARge A" + 021 (11
Where Rgs the signal covariance matrix is o> is the noise
variance and [ is an identity matrix of size N X N .

In the MUSIC algorithm, the eigenvectors E,, of matrix R
that correspond to the smallest eigenvalues from the noise
subspace. The eigenvectors E,, and the steering vectors that
make up matrix A are used to form the MUSIC angular

spectrum which is given by:

A" (8)A(6)
AR(O)ELEFA(0)

P(6) =
(12)

The orthogonality between the eigenvectors gives rise to
peaks in the MUSIC angular spectrum. These peaks
correspond to the directions of arrival of the signals
impinging on the sensor array. It is well known that with an
N-element sensor array, MUSIC can detect up to N-I
uncorrelated signals [9].

C. ROOT-MUSIC Algorithm

For the case of a uniformly spaced linear array with
interelement spacing d, the m™ element of the steering
vector a(¢) may be expressed as:

ay,(P) = exp (j27rm (%) cos(d)))

m=1,..,M (13)

The MUSIC spectrum is an all-pole function of the form

1 1
a? (@, Va(@)  af(p)Cald)

PMUSIC(G) =
(14)

Where C = V,,;H. using equation (14) may be written as
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M M md 2mmd III. SIMULATIONS OF THE ALGORITHMS
Pyusic = Z Z exp (—] cos ¢) Cnnexp (} cos ¢)
m=1n=1
(15) A. Assumptions for simulation

Where C,,, is the entry in the m** row and nt"* column of C.
Combining the two summations into one, (15) can be
simplified as

1 X 2nd
Pyysic = Z Ciexp (J TZCOS ¢)>

n=1

(16)
Where C; = Ypn—n=1Cmn is the sum of the entries of C
along the [*" diagonal.
By defining a polynomial D(z) as follows,

M+1
D(z) = Cz7t
I=—M+1

Evaluating the MUSIC spectrum Py ygc(¢) becomes
equivalent to the polynomial D(z) on the unit circle, and
the peaks in the MUSIC Spectrum exist because the roots of
D(z) lie close to the unit circle. Ideally, with no noise, the
poles will lie in exactly on the unit circle at locations
determined by the DOA. In other words, a pole of D(z) at
z=2 = Izllexp(j arg(zl)) will result in a peak in the

MUSIC spectrum at cos ¢ = (ﬁ) arg(z).

D. spatially smoothed music algorithm

The signal covariance matrix Rgs is a full-rank matrix
(i.e., non-singular) as long as the incident signals on the
sensor array are uncorrelated, which is the key to the
MUSIC eigenvalues decomposition. However, if the
incident signals become highly correlated, which is a
realistic assumption in practical radio environments, matrix
Rgs will lose its non-singularity property and, consequently,
the performance of MUSIC will degrade severely. In this
case, spatial smoothing (SS) must be used to remove the
correlation between the incident signals by dividing the
main sensor array into forward/backward overlapping sub-

arrays and introducing phase shifts between these sub-arrays.

The vector of the received signals at the k" forward sub-
array is expressed as:
xE(t) = AD®Vs(t) + n, () (17)
Where (k — 1) denotes the k" power of the diagonal matrix
D given by:
2T . 2T
D = diag {e_’TSmel, ...,e"TSmem} (18)
The spatial correlation matrix R of the sensor array is
then defined as the sample mean of the covariance matrices
of the forward sub-arrays:

1L—1
R = ZZ R,I:
k=0

Here L is the number of overlapping sub-arrays. When
applying FSS, the N-elements sensor array can detect up to
N/2 correlated signals [7],[9] .

All simulation processes in the presented study are carried
out using MATLAB software considering the following
conditions:

e Uniformed linear array (ULA), consisting of 16
sensors and distance between the elements
equals half of the wave length.

e The number of snapshots taken from a signal
(N-channel) equals 1000.

e The ratio of signal to noise (SNR) equals 20 dB
for two uncorrelated sources when the angles
are 28 ° and 30°.

e The mean is calculated for 1000 independent
experiment of mont carlo.

In spatially smoothed version of MUSIC, two
coherent signals with different ranges, from two
paths with equal powers and a delay time
shorter than the length of a chip in WCDMA
system are applied.

e The length of the sub-array (L) in spatially
smoothed algorithm equals 5[9].

B. Simulation results

Figure (2) indicates the diagram derived from the four
algorithms for two sources at 28 and 30",

In figure (a), spectrum of Capon's ML algorithm is
presented and it is deserved that this algorithm has a lower
level of accuracy. This method determines the degree of
freedom for forming the pattern in the desired look direction
and simultaneously uses the remaining degree of freedom to
form nulls in the direction of interfering signals. Though this
method is not efficient for distinguishing two adjacent
angles. Figure (b) presents the finding based on the
application of MUSIC algorithm for estimation of two
different angles. This algorithm, which is based on sub-
space principles, approximately solves that problem caused
by accuracy level of the previous algorithm. Figure (c)
indicates the findings of ROOT-MUSIC. Figure (d) presents
the findings of spatially smoothed algorithm. For this
algorithm, the angles of two sources are 28 and 30", but
these two sources unlike the three before mentioned
algorithms, are completely correlative and the delay time
between two signals is shorter than the length of a chip. The
accuracy level of MUSIC, ROOT-MUSIC and spatially
smoothed version of MUSIC is approximately same for
these two angles. For a better evaluation and comparison of
the findings, estimated angles, standard deviation and the
variance of the angles are given.
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Figure 2 . Estimation of two angles (28" and 30") with four algorithms

C. Evaluation of the estimation level of the algorithms

Comparison between the findings of figures (1) and (2)
shows that ML algorithm dose not present an acceptable
estimation of the array for 28" and 30" and it works when the
angle increases gradually to 28.2° , but considering the
instances of the percentage of the successful experiments
mean, deviation from the mean and the variance of the
angles, the accuracy of the algorithm is very low and it is
not an appropriate algorithm for the estimation of two
adjacent angles. However, MUSIC algorithm provides

acceptable results for 29.4°, not being efficient for above
that. Tables (3) and (4) indicate the findings of ROOT-
MUSIC algorithm and spatially smoothed version of
MUSIC.

Undoubtedly, ROOT-MUSIC algorithm provides the
most acceptable results of all and even can estimate up to
29.85° and has the highest level of accuracy.

TABLE 1. ACCURACY AMOUNT OF ML ALGORITHM IN DISTINGUISH TWO

ADJACENT ANGLES
Percent DOA deviation Variance
Angles | age of Estimation | from  the of

Successful average | mean Angels

Iterations
6, =28 100 28.3785 -0.3785 | 0.0033
6, =30 29.6130 0.3870 | 0.0025
6, = 28.1 86 28.5820 -0.4820 | 0.0053
0, =30 20.5163 0.4837 | 0.0045
0, = 28.2 14.5 28.8103 -0.6103 | 0.0060
6, =30 29.3966 0.6034 | 0.0046

TABLE 2. ACCURACY AMOUNT OF MUSIC ALGORITHM IN DISTINGUISH

TWO ADJACENT ANGLES
Percent DOA deviatio | Variance
Angles age of Estimation n from the of
Success average mean Angels
ful
Iteration
s
6, =28 100 28.0005 -0..0005 | 0.0001
6, =30 29.9985 0.0015 | 0.0001
6, =282 86 28.5820 -0.4820 | 0.0053
6, = 30 20.5163 0.4837 | 0.0045
6, =29 100 28.0005 -0..0005 | 0.0001
6, =30 29.9985 0.0015 | 0.0001
6, =29.2 89.5 29.2827 -0.0827 | 0.0050
6, =30 29.9045 0.0955 | 0.0040
06, =293 45 29.3978 -0.0978 | 0.0049
6, =30 29.8944 0.1056 | 0.0041
0, =294 7.5 29.5067 -0.1067 | 0.0092
6, =30 29.8867 0.1133 | 0.0069

TABLE 3. ACCURACY AMOUNT OF ROOT- MUSIC ALGORITHM IN
DISTINGUISH TWO ADJACENT ANGLES

Percentage DOA deviation Variance
Angles of Estimatio from the of
Successful n mean Angels
Iteration averag
e
6, =28 100 27.999 0.0002 0.1525
6, =30 8 0.0003 x 1073
29.999 0.3479
7 x 1073
6, = 28.6 100 28.608 - 0.0006
6, =30 29.998 0.0008 0.0007
7 0.0013
0, =29 100 29.003 - 0.0014
6, =30 0 0.0030 0.0013
29.998 0.0020
0
6, =29.2 100 29.282 - 0.0050
6, =30 7 0.0827 0.0040
29.904 0.0955
5
6, =294 100 29.430 - 0.0047
6, =30 3 0.0303 0.0052
29.966 0.0338
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0, = 29.6 100 29.684
9, = 30 8
29.941

- 0.0209
0.0848 0.0253

0.0587

0, = 29.85 94 29.663
9, =30 6

30.251 -
0 0.2510

0.1525

0.1864 0.2099

TABLE 4. ACCURACY AMOUNT OF SPATIALLY SMOOTHED ALGORITHM IN
DISTINGUISH TWO ADJACENT ANGLE

Percentage DOA deviation Variance of
Angles | of Estimation | from  the | Angels

Successful average | mean

Iterations
0, =28 99.6 28.0040 -0.0040 0.0009
6, =30 29.9898 0.0102 0.0067
6, = 28.2 96.2 28.1587 0.0413 0.0065
6, = 30 29.9603 0.0397 0.0063
6, = 284 90.4 28.4201 -0.0201 0.0073
6, =30 29.8763 0.1237 0.0089
6, = 28.6 84 28.3986 0.2014 0.0237
6, =30 29.8231 0.1769 0.0103
6, =288 20.6 28.9146 -0.1146 0.0018
6, =30 29.7951 0.2049 0.0383

IV. CONCLUSION

In the present article, four important algorithms, i.e.
Capon's ML, MUSIC, ROOT-MUSIC and spatially
smoothed version of MUSIC for two wusers in the
environment including noise and fading, are simulated and
the accuracy level of them for estimation of the angles close
to each other is evaluated. The findings in the tables and
figures indicate that the highest amount of accuracy is for
music and ROOT-MUSIC respectively. The lowest level of
accuracy is Capon's ML algorithm. The low level of
accuracy for spatially smoothed version of MUSIC is due to
natural processes of the calculation of the mean for this
method.
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