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Computational Approach of the Optimal
Linearization of the Nonlinear O.D.E.
Application to Nonlinear Electronic Circuit

A. CHIKHAQUI, T. BENOUAZ and A.CHEKNANE

Abstract— The aim of this paper is to present a
generalization of the optimal linearization. This method enables
usto associate a linear map to a nonlinear ordinary differential
equation. Our results show clearly the existence and the unicity
of the best optimal linearization in the sense of the least square.
We use an approach to associate a linear optimal equation to a
nonlinear equation in the neighbourhood of zero, even though
the eguation cannot be linearized around the origin using the
Frechet derivative. An application is done to analyze the
behaviour of an electronic circuit..

Index Terms—  Electronic circuit, Least square
approximation, Nonlinear ODE, Optimal linearization.

I. INTRODUCTION

The linearization method plays an important role in the
analysis of systems (ex: Electronic circuit in engineering...),
modeled by nonlinear ordinary differential equation. The
principal method when studying behavior and stability of
solutions of an ordinary differential equation in the
neighborhood of an equilibrium point considers the linear
equation obtained by differentiating (at the Frechet sense) the
nonlinearity of a nonlinear equation at this point. A similar
behavior is encountered in the hyperbolic case.

However, there are three setbacks to this method [2], [1].

1. If the nonlinearity is not smooth enough in the
neighborhood of a stationary point, then, in general, one
cannot compute the Frechet derivative.

2. The derivative of the nonlinear equation to be equal zero.

3. Case where the eigenvalues are purely imaginary.

The behavior of the solution of the nonlinear equation in
the neighbourhood of such a point can be anything. In the
present work, we propose a method which associates alinear
map to a nonlinear ordinary deferential equation near the
equilibrium point, defined as a generalization of the optimal
linearization. It is a sort of a global linearization by
opposition to the nonlinear perturbation of alinear equation,
which is different from the classical linearization in the
vicinity of a stationary point. The following approach is the
type of optimization. Our resultsarein theline of the work by
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Vujanovic [12] and Jordan et al.[ 7], [8]. The first sections are
devoted to present a general formalism to apply the optimal
linearization method in the scalar and vectorial forms. In the
last sections, an application is considered to illustrate the
theoretical procedure with comments.

Il. THEORETICAL FRAMEWORK

A. Formulation of the problem

Consider the following nonlinear ordinary differential
equation

&= F(x)) 40)= % o

Where: X = (X1, ..., Xn) isthe unknown function. o
F = (f1, ..., fn) isagiven function on an open subset of IR
with the assumptions:

H1) F (0) =0.

H2) The spectrum ¢ (DF (X)) is contained in the set

{Z :Rez< 0} for every x = 0, in aneighbourhood of 0, for
which DF (x) exists.

H3) Fisy Lipschitz continuous.

Our purpose can be formulated as follows:

Find alinear ordinary differential equation of the form

%: Ax(t), x(0)= x. @

Where Al Mn(IR), is to be determined in such a way

that it has the same behavior that the nonlinear equation (1),
both (1) and (2) having the same initial value, by minimizing
with respect to A the functional

G(A)= 5 |F(x({)- Ax@)"dt @

Al M, (IR).
At the beginning, x is just any function defined on [0,+¥ [ ,
bounded,  continuous  such  that I L (0,+¥)

and F (x())T L*(0+¥) . Later on, we will consider the

function x (t) that is solution of alinear equation.
This approach is the optimization in the least square sense.

The existence and unicity of the solution Ainthe least
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square sense are guaranteed by general theorems of
approximation [11], [10] and [6].

B. Formalism

Differentiating the functional (3) with respect to Aaong a
function x, yields

F(x(t)).a

for every matrix a . In particular, for matrices a such as
ajm=1;a; =0,if (i,j)* (I.m).
We have

DG(A)a =2¢) (A{t)- x(t) dt @

&' (axt)- F(xt)).a xlt) ot =

Assuming that A minimizes (3) along a given function x,
the quantities

O [Axt)- FO(t))], %o (O)ct

are equal to zero, which leads to

S 1EL,mMEN (6)

=& 1 (), 0ag

Bigi men

& a8 x b, Oad

=1 1£j,mEn

with obvious notations for the elements of matrix A.
Introducing valued function C (x) defined by

)= & Ol ot =8 x, O, e ®)

QE] mEn

and assuming that I" (x) is non singular, we obtain
_e¥ T U -1
A=55 F OO () @

If the inverse matrix of C exists, then A is uniquely
determined.

C. Procedure

The resolution procedure isimplemented in two steps. The
initial matrix is the Jacobian matrix of F at Xy, where xg is an
arbitrary point in a neighborhood of 0, such that DF (Xg)
exists.

Consider the system (1)

dx

&= F(x(1). x0)=%,
First step:

Compute Ag=DF(xg)
Second step:~

To compute A from A, wefirst solve

DA yl), ¥(0)=%

10
e (10)

letting Y, to bethe solution of (10). The minimization of the
functional in the least square sense

“IF0)- Av0)] ot @

G(A):(‘a+

yields A

,& isuniquely determined by formula(9). It can bewritten as

A=l [Fesollevs] o]
el af

By definition, /& provides the optimal linearization of F at
Xg -

, (12

Ill. PROPERTIES OF THE METHOD

A. Casewherethe application F islinear

If Fislinear with o (F) in the negative part of the complex
plane, (7) reads

AG(X) = FG(X) (13)

Itisclear that A=F issolution. Itisuniqueif theinverse of
G(X) exists.
The optimal linearization of linear system isthe system itself.
B. General case

Consider the more general system of nonlinear equations
with anonlinearity of the form
F(x)=Mx+F(x),x(0)=x, (14
where M islinear.

The computar[ion of the matrix ;& gives

s

=50 [F IO el as)
which can be wntten as

A=)+ & [Feolx e lotl, o
And finally

A=M+ ' [F@)ix ) s, @n

Hence, ,Z\: M + Alwith
A =85 [F X o], o)
If, in particular, some components of F are linear, then the

corresponding components of F are zero

And those of Aand F are same. If f, is linear, then the

K™ row of the matrix Aisequal to fi.
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Scalar case

We will now give the expression of the optimal
linearization in the scalar case. For this, consider the
following nonlinear scalar equation

d
S t(1) x0)=x a9
Where f : IR® IR and satisfies the following conditions

H1) f(0)=0.
H2) f((0)<0 at every point where f((X) exists in an
interval ]- a,+a[,a >0.

H3) f is absolutely continuous with respect to the Lebesgue
measure.

Choose X,1 |- a,+a[ suchthar f((x,) exists
Set a, = f((X,) and use the method presented in section

2.3.
We solve the linear equation

dx
-2 =% @
Whose solution is
X(t) = €*x, (2)
Substituting f for F in expression (9), we get
+¥ T
~ gb f (ea*"xo)e%‘dt% 1
a= — (22

é¥ e®'dt X

ForX,* O, f (X(t)) is almost everywhere differentiable
and

d [ eaot ]— ft(eaf’txo)e%txoao, (23)

This gives

3 1= L[] -

1 o
— (fFex(t)e™ dt)x,a,,
L5 ol
(24)
From which we obtain a
~_ (), o 2ag 4t O
a=20"0 4 f Ex(t))e*™'dt = (25)
E A0 ¢x(t)) s

Changing the variablet to X(t) in theintegral, we obtain

alx)= XZO & 2z (26)

ﬁ(xo) is the result of the optimal linearization in the scalar

case.
Remark: Therole of the optimal approximation in the study
of stability [5] is evidenced in the scalar case by the fact that

in this case, the function X® v(x)=x?a(x) is a
Lyapunov function for the nonlinear equation (19).Indeed, if

- 137 -

X(t) is a solution of equation (19), differentiating

(ROEEQ)

With respect to t, we obtain

d ~

Slooraxe)]= () en

Since, on the other hand, V(X) < O(in view assumption H1
and H2 in section 4), we obtain that V(X(t))® 0 as
t® +¥, therefore, X(t)® Oast® +¥.

IV. ORDER OF LINEARIZATION

To estimate the order of the linearization, we will evaluate
the functional

\+¥
G(A)=g'|F (y()- Ay()] o
(29)
Where Aisany matrix. Starting from an arbitrary matrix Ay,

the optimal matrix giving the optimal linearization is
obtained by minimizing the functional

(29)

G(A)=Q | F (%) Ay, )] ct
Where Y, (t) is the solution of equation
dy _

o Ay(t)

We have the following relation ship between /—5\ and A

F(y{)- AV ()
£Q |F[Q)-

+¥

N\

2
Q H dt £

AV (t)]” ot
where 37( )isthe solution of equation

dy
YA
o Ay(t).

Consequently
FyE)- AvE)|
AT Q

" Al M(R), suchas REs (A)1 ] ¥,0[.
In particular, for A= DF(O), we have

+¥

N

Q

FT)- ATE)| ot
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O [FEO)- AF@)] e R . R
£Q [FF)- DFO)yE))* ot ‘u ] iz
With the assumptions Ly S L.
[¥(t)| £ Clpxo | andl] F (x)- DF(0)x| :O(HXHZ)' R Non Linear

we obtain

FF0)- A70)| ae oS o

\+¥

Q

We will now evaluate the difference ||X(t) - y(t)ﬂ where

X is the solution of eg. (1) and Y/the solution of the optimal
linear equation, both having the same initial value. We have

if' fz = F(x(t))- Ay(t)

= F(x())- F(F()+F(F()- Av()

(1)

From assumption H3 in section 4, we have

::tX(t)- y(t) £ glx(t)- 5+ |F(F)- Av),

(32
and using the Gronwall’s lemma, we obtain
X(t)- F)£ ge* [F(5(s))- AT(s)es
1 (33

1
t L t - 2
£ 8t Ias@ EVF (7(s)- Ay(s) ds? .
o) 2 QIR (7(s)- AY(s) as>
For every T> 0, thereexists M 3 O such that:
Ix()- V) EM|x| for OELET (34)

And every X, in the neighbourhood of 0, independent of T.

The optimal linearization method is of order two or higher
with respect the initial value.

More generally, it has the same order as the nonlinearity.

V. APPLICATION

In this section, we present an example to illustrate the
usefulness of the theory presented in section (2). Thisis the
case where the nonlinearity is not smooth enough near the
steady state and consequently, the system cannot be
linearized at 0 using the classical linearization.

Consider thecircuit in Fig.1.

Fig.1. Electronic circuit with a nonlinear resistance

This circuit contains a nonlinear resistance whose
characteristic (Fig.2.) isrepresented by anon regular function
(absolute value type)

VNzRo(iN""iN‘) (35)
10+
8_
6_
W 4]
2_
0_
6 4 2 0 2 4 6
IN
Fig.2. Nonlinear characteristic of the resistance
The equations of state defining this system are
idx R +Ry+ R
1 __RitR3+Ry R0|X| Rsy
dt L L L
% ' T (36)
14y Rs RetRy
1 dt Lo L,
Where
X:i|_1
y=ig,.
(37)

We normalize the component values of the circuit to 1 and
the system (36) becomes

jdx

w—=-3Xx-|X]|-

} dt X|-y

-'-d (38)
i4Y -y 2y.

fdt

We compute first the Jacobian matrix DF(X).
For (xo ,Yo)=(05,0.3)
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&4 -1lu
DF (x,,Y,)= & i (39)
070 g1l - ZH
the optimal derivative can be written
~ & 39524 -1.0686u
A= & - (40)
e -1 -2

Illustrate graphically the results obtained above, the Fig.4,
Fig.5 and Fig.6, represent, as function of time, respectively,

the solutions (X(t), y(t)) of the nonlinear system (38),
compared to the solutions of the optimal linear system (40),
for the initial conditions (XO, yO) = (0.5,0.3) . And the

quadratic error between the nonlinear system (38) and the
optimal linear system (40).

0,5
0,4
034 Curve(1)
' e Curve(2)
x()
0,2
1 Fig.4.
0,1 /
0,0 L““ ""_"_"_"_"_::
T T T T T T T T T T 1
1 0 1 2 3 4 5 6 7 8 9 10
Time

Fig.4. The variation of the solution X(t) as a function of time for the initial

(XO Yo ) = (0'5'0'3) Curve (1): correspondsto the solution
of system (38)

conditions

0,000 veeestsoc0 0 s oo
.....o
®
0,001
0,002 o Curve (1)
e Curve(2)
x(9)
0,003
0,004
0,005 T T T T !
1 2 3 4 5 6

Time

Fig.5. The Zoom of a part of the solutions x(t) Shown in the Fig 4.
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0.304 e Curve(2)

0,25 4
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0,15 4

0,10 4

0,05 4

0,00

— foveopovey v —

1 " 1 »
0 T="" 2 """3 " TTTE TR 7 8 9 10 11
Time

Fig.6. The variation of the solutiony (t) as afunction of time for theinitial

conditions (XO' yO) = (0-5,0.3)

Curve (1): corresponds to the solution of system (38)
Curve (2): corresponds to the solution of system (40)

Curve(l)
. e Curve(2)
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0,0000
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Fig.7. The Zoom of apart of the solutions y(t) Shown in the Fig.6.
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Quadratic Error

4,0x10°

2,0x10° 4

00

Time

Fig.8. the quadratic error as function of time between the nonlinear system
(38) and the optimal linear system (40)

VI. DISCUSSIONS
The example presented in section 6 shows the

opportunity given by the optima linearization to study
-139-
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behavior of the nonlinear system in the neighborhood of 0
when the classical linearization can be anything. In fact, the
Fig.4, Fig. 6, (solutions), Fig.8. (quadratic error) presented
satisfactory adequacy of approximate results compared to the
exact ones. This is confirmed by the computation of the
quadratic error which never exceeds 0.09 %, even if thereisa
variation between the optimal linear and nonlinear solutions
represented in Fig.5., Fig.7. Corresponding respectively to
the zoom of part of the solutions X(t) , and y(t) . Our gaol is

to explain trough this both figures, the increase in the curve
representing the quadratic error (Fig.8.) in the time interval
[1]-[6], which remain in the order of 10° and that this
variation have not an influence on the approximation quality,
and its effectiveness to approach the nonlinear system (38),
by a adequate optimal linear system (40).

VII.

We have presented in this paper further development
regarding the generalization of the optimal linearization
method. Our main results confirm the existence and the
unicity of the best optimal linearization in the sense of the
least square. The order of the linearization method is two or
higher with respects the initial value, and is generally of the
same order as the nonlinearity. The method enables us to
associate alinear optimal equation to a nonlinear equation in
the neighbourhood of 0, even though the latter equation
cannot be linearized around the origin using the Frechet
derivative. This is the case notably when the functions
involved are not smooth near the origin.

CONCLUSION
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